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Abstract. We introduce a cohomology, called extendable cohomology, for ab- 
stract complex singular varieties based on suitable differential forms. Beside 
a study of the general properties of such a cohomology, we show that, given 
a complex vector bundle, one can compute its topological Chern classes us- 
ing the extendable Chern classes, defined via a Chern- Weil type theory. We 
also prove that the localizations of the extendable Chern classes represent the 
localizations of the respective topological Chern classes, thus obtaining an ab- 
stract residue theorem for compact singular complex analytic varieties. As an 
application of our theory, we prove a Camacho-Sad type index theorem for 
holomorphic foliations of singular complex varieties. 



Introduction. One of the more important contributions to the study of com- 
plex vector bundles over differentiable manifolds has been given by the Chern- Weil 
theory. Thanks to such a theory it is possible to describe the topological Chern 
classes of a complex vector bundle on a manifold (which lie in the topological co- 
homology groups of the manifold) by means of the differentiable Chern classes of 
the bundle (which belong to the de Rham cohomology groups of the manifold). 

By their very definition, the differentiable Chern classes of a complex vector bun- 
dle are built starting from suitable differentiable differential forms on the manifold. 
This is the reason why, until now, it was impossible to achieve a generalization 
of the Chern- Weil theory allowing to study complex vector bundles over singular 
varieties. In fact, the hurdles for having such a theory are tied to the difficulties of 
giving an appropriate definition of differential forms on singular spaces. 

In this paper we solve the problem of extending the Chern- Weil theory to the 
case of abstract complex analytic varieties. Namely, we introduce a suitable notion 
of differential forms, the extendable differentiable differential forms, we develop a 
cohomology theory based on such forms, we define the extendable Chern classes for 
differentiable complex vector bundles over complex analytic varieties and we prove 
that these classes represent the topological Chern classes of the bundle. 

The starting point is the following. In the case of complex analytic varieties, 
it can be given several natural definitions of holomorphic differential forms. Nev- 
ertheless, although remarkable results have been obtained, the development of the 
theories based on such holomorphic forms did not carry on, because of the failure of 
the Poincare lemma. Namely, the cohomologies associated with these holomorphic 
forms are not, in general, locally trivial (cp. jFe 1| . [Fe 2j . |He Ij . [He 2| . [Bl-Hej ). 
Anyway, all these definitions of holomorphic differential form are such that the 
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sheaves of germs of such forms share the following property: it is a sheaf of mod- 
ules (over the ring of holomorphic functions on the variety) that, even if it is not 
necessarily locally free, it is always coherent (cp. [ Fe 2| V 

On the other hand, we need differential forms that are differentiable but not 
necessarily holomorphic. So, we define the sheaf of extendable differentiable differ- 
ential forms we are interested in by tensorizing one of the sheaves of holomorphic 
differential forms with the sheaf of rings of differentiable functions on the variety. 
In view of our aim of extending the Chern-Wcil theory, the choice of the sheaf of 
holomorphic differential forms is not important, even if, of course, different choices 
generally lead to different results. In fact, we only need the coherence of the sheaf 
of extendable differentiable differential forms. 

Extendable differentiable differential forms enjoy many properties of differential 
forms on smooth manifolds (for example, they always have bounded coefficients), 
even if the proof of some of these properties is not trivial, because of the presence of 
singularities (see, for example, Lemma[2l Proposition [5l Theorem[3l). On the other 
hand, the cohomology groups associated with extendable forms (the extendable 
cohomology groups) are not locally trivial (cp. Example [3|). 

Let E ^ X he a. differentiable (holomorphic) C-vector bundle over an abstract 
finite dimensional complex analytic variety X. By using the theory of extendable 
forms, we introduce the notions of extendable linear connections and extendable 
curvatures for E. Let V be an extendable linear connection for E. We define the 
extendable Chern forms c*^t(V) associated with V and, arguing as in the smooth 
case, we show that c'^tC^) ^^'^ closed and only depend on E. Then, we define 
extendable Chern classes of E as the cohomology classes c'^^{E) — [c'^tC^)]- 

Next, we may define an operator of integration of extendable forms on simplices 
(recall that any complex analytic variety is triangulable) . Let H'^i{X) denote the 
extendable cohomology groups of X. Then the operator of integration induces 
a homomorphism H' : H*^^{X) H'{X) between extendable and topological 
cohomology groups (cp. Section |4]). We prove the following theorem (cp. Theorem 
HI). 

Theorem Let X he an abstract complex analytic variety of complex dimension n and 
E ^ X a differentiable (holomorphic) complex vector bundle of rank e. 
Take q G {l,...,rt} with q < e. Then Cfgp{E) — H'^'^ (c1^^{E)) , where 
c'gp(E) denote the topological Chern classes of E. 

One of the topics we deal with in this paper is to prove residue theorems for 
holomorphic complex vector bundles over compact irreducible abstract complex 
analytic varieties. Let X be a complex analytic variety of dimension n and x G 
H*{X) an element in the topological cohomology groups of X. It can happen that 
the class x could represent the first order obstruction to the existence of a certain 
global object o on X (for example, topological Chern classes represent the first order 
obstruction to the existence of global frames for complex vector bundles). Generally 
and very roughly speaking, one asks where on the variety X the existence of o is 
obstructed. Namely, one asks where on X the class x vanishes. Let S denote the 
loci where o exists (x vanishes). It could be possible to make a clever choice of S, 
even if such loci, in general, are not unique. Then, oii X\S, that is outside S, the 
object exists and the class x vanishes. 



EXTENDABLE COHOMOLOGIES 



3 



Now, assume that X is compact and let P* : H* {X) i?2n-» {X) be the 
Poincare homomorphism. Suppose that S is an analytic subvariety of X and con- 
sider the exact sequence 

>H'{X,X\S)^H'{X)^H'{X\S)^--- 

If the image of x e i/* (X) in H* {X \ S) is 0, then there exist k€ H'{X,X\ S) 
whose image in H* {X) is x- Such a k is the localization of x at S* and, in general, it 
is not unique. Nevertheless, if S is compact, by taking into account the Alexander- 
Lefschetz homomorphism A*g , : H* {X, X \ S) H2n-» (S) and the commutative 
diagram 

H'{X,X\S) H'{X) 

H2n~t (S) ^ H2n~t {X) , 

we get the formula Pl{x) = (** ° ^s.»)('^)- This is an "index theorem" (see |Su 
If • = 2n and S* is a finite set of points {pu}, then Ho{S) = (BvHo{p„) and A*g ,{k) = 

R^s{k,Pi,), where Res{K,p^) G Hq{pi,) is "the residue of k at p^" . So, the index 
theorem can be written as 

P*2nix) = E,.**(-Res(K,p^)). 

Next, taking into account the homomorphism H^" : induced 
by integration on simplices, we have ^2™°^^" = /[x] ' "^here [X] is the fundamental 
class of X. So, if Xext G H^xti^) is such that x = H^xtiXext): then we get 

I[X] Xext = i*{Res{n,Pu)) 
Namely, a "residue theorem". We prove the following theorem (cp. Theorem [71) ■ 
Theorem Let X he a compact and irreducible complex analytic variety of complex 
dimension n and E ^ X a holomorphic complex vector bundle of rank e. 
Take q G {0, ?i} with q < e and set r = e — q+ 1. Let s^'"-' be a holomor- 
phic r-section of E and S the singular locus of s^"^^ and c1^p{E, s*^*"^) the lo- 
calization at S of c1gp{E) determined by s'^'''\ Set TopRes^i {E,s^'^\S) = 
A*s^2,{clp{E,s^-))). Then 

PI, ° H^'iclxt m = i.{TopRes,.jE, s^^\S)). 

If q — n, then 

J^^^c:,,iE)=t,iTopRes,.jE,s(^\S)). 

Actually, a residue theorem becomes really useful only if the residue can be ex- 
plicitly and easily computed. In order to solve this problem, several people widely 
and successfully used the theory of Cech-de Rham. Among other authors, we men- 
tion J. P. Brasselet, D. Lehmann and T. Suwa, who, furthermore, greatly developed 
such a theory (see [Le-Suj . [Br-Su| . |Su 1] and references therein). Indeed, Cech-de 
Rham theory provides with very handleable tools to explicitly compute the residue, 
at least in the case of isolated singularities. We should note that, until now, only the 
cases of manifolds, submanifolds embedded in a manifold and, at most, subvarieties 
embedded in a manifold were studied (see |Le-Su| . |Su 1| . |Su 3j ). In fact, in these 
cases, in order to have a Cech-de Rham type theory, the differentiable differential 
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forms of the ambient are used. On the other hand, our theory aUows to take into 
account the case of abstract complex analytic varieties. 

In this paper we also develop a Cech-de Rham type theory for extendable forms. 
By means of such a theory, we can compute the residue of the localizations of 
several characteristic classes, at least if the singularities are isolated. For instance, 
we obtain a generalization of Camacho-Sad index theorem (see Theorem |8] for a 
more general statement). 
Theorem Let X be an abstract complex analytic variety of complex dimension 2, T 
a holomorphic foliation of X and Y an J- -invariant globally irreducible 
Cartier divisor of X such that Y ^ Sing{X). Set S = {Sing{T) C\Y)\J 
SingiY) and let Ny Y be the line bundle 0{[Y]). Then 

Iiy]cl,tiNy) = i.{Res,ijNy,J^,S)), 

where c\^^{Ny,T,S) is the localization of c\^^(Ny) at S determined by T 
and ReSc^ ^{Ny,J-',S) are, in fact, complex numbers which only depend on 
the behaviour T of around S . 

Suppose that S only contains an isolated singular point p S Sing{Y)r] 
Sing{T) C\ Sing{X) and that the stalk Tp is generated on Ox.p by a single 
element of TXp. Let {h,y) be local coordinates on X^^^ near p such that 
y is a local coordinate on Y' — Y \ {(Sing{X) n y) U Sing{Y)) near each 
point of Y' \ {p} . Lf the holomorphic vector field F G TX generating T 
is locally given by F = a{h,y)h-^ + b(h,y)-^ , with a and b holomorphic 
functions such that 6(0, y) is not identically equal to zero, then 

u{Res,ijNy,T,p)) = 5^^/^^^^^ wS'^y^ 

where Lk{p) is the link of the singularity. 

The work is organized as follows. In Section [1] we fix some important notations. 
In Section [5] we define extendable vector bundles on complex analytic varieties and 
extendable sections of extendable bundles. Then, we study in a deeper way the im- 
portant case of extendable differentiable differential forms. In Section [3] we define 
the extendable cohomology groups and we prove several important results concern- 
ing these groups. In Section [4] we define a homomorphism between extendable and 
topological cohomology groups of complex analytic varieties. In Section [S] lie the 
main results of our work. We use the notion of extendable sections to introduce 
extendable connections and extendable Chern classes for complex vector bundles 
over complex analytic varieties. Then, we show that these classes represent the 
topological Chern classes (defined by means of obstruction theory) via the homo- 
morphism of integration described in Section|3](cp. Theorem[S]). More precisely, we 
represent the localizations of the topological Chern classes by means of the respec- 
tive localizations of the extendable Chern classes (cp. Theorem[5]). Furthermore, in 
the compact case, we prove an abstract residue theorem (cp. Theorem [T]). Finally, 
we prove a Camacho-Sad type index theorem for holomorphic foliations of singular 
complex varieties and, under suitable hypotheses, we explicitly compute the residue 
at isolated singularities (cp. Theorem [5]). 

It is in our opinion that the extendable objects we introduced can be successfully 
used in order to solve problems of continuous and discrete holomorphic dynamics in 
the setting of singular varieties, avoiding the desingularization processes. Indeed, 
we think that the theory of extendable differentiable forms which we have developed 
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lends itself to many uses and applications. In fact, generalizations similar to the 
ones of residue theorem (cp. Theorem [7]) and Camacho-Sad index theorem (cp. 
Theorem |S]) can be achieved in several contexts. 

I would like to thank very much Professors F. Bracci and T. Suwa for their 
generous help and for their precious advices. I wish to thank also Professor J. V. 
Pereira for his useful remarks improving this work. Finally, I want to thank the 
anonymous referee for the large amount of mathematical suggestions that improved 
this paper. 

1. Main notations 

Let M be a complex differentiable manifold. The sheaves of germs of difTeren- 
tiable and holomorphic functions on M are denoted by and, respectively, by 
Om- The real (holomorphic, antiholomorphic, complexified real) cotangent and 
tangent bundles of M are denoted by T*M (T*M, T*M, T'^*M) and, respectively, 
by TM (TM, TM, T'^M). For eachp e N we denote by £lj and by the sheaves 
of germs of differentiable and, respectively, holomorphic differential p-forms on M . 

Recall that an abstract complex analytic variety X of complex dimension n is a 
second countable, Hausdorff topological space for which there exist an open covering 
C = {Ai}i^L and homcomorphisms 

(1.1) Fr.Ai-. Wi 

between the subsets Ai C X and holomorphic subvarieties Wi C Ui of open sets 
Ui C C"' such that for each nonempty intersection ^(!i,i2) = <^ ™ap 

defined by F(i-^i^) = Fi-^ ° ■^i2^\Pi2i^(ii 12)') ^ biholomorphism such that the regular 
part of X is endowed with a structure of a complex manifold of complex dimension 
n. A covering as C is a coordinate open covering of X or an atlas of X . Sometimes, 
to make explicit all the data carried by an atlas C, we write 

(1.3) C = {iAi,ni,Ui,Wi,Fi)}ieL. 

Let X be an abstract finite dimensional complex analytic variety. The singular 
locus and the regular part of X will be denoted by Sing{X) and, respectively, by 
either X^'^^ or X' . Recall that Sing{X) is a complex analytic subvariety of X 
and that X^'^^ is an open and dense subset of X. The maximal atlas of X will be 
denoted by ^ = {Ai}i^i and, given any x & X, the set {i £ I : Ai 3 x} C I will be 
denoted by I{x). Finally, the sheaves of germs of differentiable and holomorphic 
functions on X will be denoted by and, respectively, by Ox ■ 

A finite dimensional complex analytic variety X is a locally compact and para- 
compact topological space. 

Lemma 1. Let X be a finite dimensional complex analytic variety andV — {Vj}j£j 
an open covering of X . Then 

(1) There exists an open covering V* — {V*}j^j of X whose set of indices is 
still J and such that for any j G ,/ it holds V* C Vj . 

(2) There exists an open covering V* — {V'}\^\ of X refining V and such 
that for each A € A there is a finite subset of indices A(A) C A such that 

n */ and only if X e A(A). 
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Proof. X is a locally compact and paracompact topological space. So, the results 
follow from General Topology (cp. |Ch-To-Vej ). □ 

Finally, for a general reference on complex analytic varieties, see [Guj . Vol. II. 

2. Extendable bundles 
2.1. Extendable vector bundles. We begin with the following definition. 

Definition 1. Let X be an abstract finite dimensional complex analytic variety and 
E' X' a differentiable real (complex) vector bundle over X' . We say that E' is 
iSfi'-extendable if there exists a coherent sheaf Se' of -modules over X such that 
Se'\x' — Cx{E'). A sheaf as Se' is associated with E' . 

An other definition will be also necessary. 

Definition 2. Let X be an abstract finite dimensional complex analytic variety and 
E' — > X' an Se' -extendable differentiable real (complex) vector bundle. A section 
s' e Se'\x'{X') of E' is iSb' -extendable if there exists a section s G Se'{X) such 
that s' = s\x'. A section as s is an iS^;/ -extension of s' . 

As a matter of notations and terminologies, the set 

(2.1) Te^tiX', E') = {s' e r{X', E') : s' is Se' -extendable}, 

also denoted by Text{E') = Ti,xt{X' , E'), is called space of Se' -extendable differen- 
tiable sections of E' . The sheaf of germs of -extendable differentiable sections 
of E' is denoted by ext^' ■ 

We present a simple but fundamental example. 

Example 1. Let X be an abstract finite dimensional complex analytic variety, 
E X a differentiable real (complex) vector bundle over the whole of X and £ the 
sheaf of germs of differentiable sections of E. Then the bundle E' = E\x' — > X' is 
£-extendable. 

Let s : X E be differentiable global section of E. Then s' = s\x' is an 
£-extendable section of E' . 

Less trivial examples of extendable vector bundles will be discussed in Subsection 

Notation 1. Let X be an abstract finite dimensional complex analytic variety and 
S a sheaf over X. Given an atlas {{Ak,nk,Uk,Wk, Fk)}keK of X (cp. Section 
[I] and, in particular, lll.3\) ). we simply denote by Sk the sheaf (^Fk)*{S\A^) over 
Fk{Ak). 

Let X be an abstract finite dimensional complex analytic variety and A = 
{Ai]i^i the maximal atlas of X (cp. Section [T]). For any i G I write A'^ = 
Ai \ Sing{X). Let E' — > X' be an iS^;/ -extendable differentiable real (complex) 
vector bundle over X' . By the very definition of extendable bundle (cp. Definition 
[ll, the sheaf Se' is coherent. So, for any x & X there exists an index I € I{x) such 
that the restriction Se'\ai of Se' at Ai is generated by a finite number of sections 
and such that the sequence 

ic^ru->SE'U-^o, 
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with j^i G N, is exact. As a note, the number t/; e N is, in general, bigger than the 
Zariski dimension of the germ Xx of X at x. Then the sequence 

is also exact. Now, taking into account the following exact sequence of sheaves 
{C^iY'lui ^ {{C'xT'\ai)i ~* 0, we get a diagram of surjective maps 

I 

(2.2) {{C^r'\A,)i ^iSE'U)i^O 

I 



In particular, the map d : {C^,Y'\ui {Se'\ai)i is surjective. 

Next, consider the restriction map ei : Se'\ai ~* Se'\a[ and the map 

(2.3) er. {Se'\a,)i {Se'IaOi 

induced by e;. These maps are not surjective in general. However, if a' G Im(ei), 
then there exists d G {C^i^'lu, such that aj = e; o (i{a), with aj ~ [Fi]^{a'). 

This happens, for example, in the case of extendable sections. Indeed, if s' G 
Se'\x' {X') is an 5_b' -extendable section of E' and if s G Se' {X) is an iS^' -extension 
of s', then s' gives rise to an element S; of {Se'\a'j)i which lies in the image of 
£; : iSE'\Ai)i ~* {Se'\a[)i- Denoting by si G {Se'\ai)i the element determined by 
s, we have sj = £i{si). So, there exists si G {C^,Y'\ui such that 

(2.4) s[^eiod{Si), 
because of the surjectivity of d : {C^iY'\ui {Se'\ai)i- 

Remark 1. Let X , A, E' — > X' and Se' be as in the above discussion. We wish to 
stress the fact that the sheaf Se' determines an atlas Ce' of X . Namely, the atlas 
that, using the above notations (cp. Ijl.S^) ). is given by Ce' = {{A-i,ni,Ui,Wi, Fi)}. 
An atlas as Ce' is an atlas associated with E' or an atlas of trivializing extensions 
for E'. 

We need to introduce some terminology. 

Terminology 1. Let X, E' X' , SE'be as above and s' G TextiE') an Se'- 
extendable section of E' . Let Ce' = {-^i} be an atlas associated with E' . 

Let Y be a subset of X and x G Y . We say that s' is extended by si on Y 
around x G Y if there exist Ai G Ce' such that Ai 3 x and si G {C^iY'\u, such 
that (^)|yij)*(s'U;) = £; ° Cii^i)- Let Y — A be an open subset of X. We say that 
s' is completely extendable on A if for each x G A the open set Ai contains A. 

We have the following proposition. 

Proposition 1. Let Xi and X2 be finite dimensional complex analytic varieties 
and h : Xi X2 an analytic map. Let E X2 be a differentiate complex (real) 
vector bundle defined over the whole of X2, s' : X2 E\x'^ an extendable section 
of E\x^ — > X2 and s G £iX2) an extension of s' . Then {h\x[)*is) ■ X^ h*{E)\x^ 
is an extendable differentiate section of h* {E)\x'_^ X[. 
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Proof. h*{£) is a locally free sheaf of -modules over Xi, because the sheaf 
over X2 of germs of differentiable sections oi E ^ X2, is a locally free sheaf of 
C^^-modules. Moreover, since the map h induces a morphism h* : ^Xji 
sheaf h*{£) ^c]^ Cxi ^ ^^^^ defined locally free sheaf of -modules over Xi. 
Furthermore, h*{S) is the sheaf of germs of differentiable sections of the 

bundle h*{E) — > Xi. So, the section {h\x[)*is) : X^^ /i*(£')|x; is extendable, 
because the section t G {h* {£)®c'^ C^^)(Xi) defined hyt = h*{s)^l is an extension 
of it. ' □ 

The hypotheses of Proposition [1] can be weakened. Let E' — > X2 be an extend- 
able bundle over X2 and consider its pull back {h\ii-i(x^))* {E') ^ h^^{X2) via 
h\h-i(_x^)- A priori, such a bundle is not extendable, because, by the very definition 
of extendable bundle, a necessary condition for {h\i^-i(^x'))* {E') to be extendable 
is to be defined at least on the whole of X[, the regular part of Xi (cp. Definition 
[Ij. So, in order to generalize Proposition[l] we have to assume that X'^ C h^^{X2), 
that is 

(2.5) h-^{Sing{X2)) C Sing{Xi). 

Proposition 2. Let Xi and X2 be finite dimensional complex analytic varieties and 
h : Xi — !■ X2 an analytic map such that h^'^{Sing{X2)) C Sing{Xi). Let E' -> X'2 
be an Se' -extendable differentiable real (complex) vector bundle and s' : X2 E' be 
an Se'- extendable section of E' . Then the restriction ~^ of 

('iU-i(x^))* (-^') ^ f^^^{^2) X[ is a [h* {Se')®C'^ Cx^)- extendable vector bundle 
and {h\x[)* [s') : X^ h*{E')\x[ is a {h*{SE') Cx-^)- extendable differentiable 
section of h* {E')\x[ X[. 

Proof. Since Se' is a coherent sheaf of -modules over X2 whose restriction at X2 
is a locally free sheaf of -modules, its pull back h*{SE') via /i is a coherent sheaf 
of -modules over Xi whose restrictions at h^^{X2) and at X'^ are a locally free 
sheaves of C^^'^^odules. Moreover, the map h induces a morphism h* : C"^^ Cx^ . 
So, h*{SE') 'X'Cj'^ Cx^ is a well defined coherent sheaf of -modules over Xi 
whose restrictions at h^^{X2) and at X[ are a locally free sheaves of -modules. 
Then the vector bundle (/i|^-i(X2))*(-B')U; ~^ X[ is extendable is {h*{SE') ^C^^ 
C^J-extendable, because the restriction of {h*{SE') ^cf ^xj at X[ coincides 
with the locally free sheaf of -modules of germs of differentiable sections of 
(/iU-i(X2))*(^')U;- Finally, the section {h\x'J*{s) : x[ -> /i*(£")|x; is extendable, 
because it admits the extension h*{s) (g) 1 e {h*{SE') ^C]^ with s e 

Se'{X2) any extension of s' : X2 ^ E' . □ 

2.2. Extendable differential forms. In this subsection we study the extendable 
vector bundles we are mainly interested in. Actually, the definition of extendable 
vector bundles given in Subsection 12.11 (cp. Definition [T]) has been based on such 
examples. 

Let X be an abstract finite dimensional complex analytic variety. We need the 
following observations. 

(1) Denote by TX' and T*X' the holomorphic tangent and, respectively, cotan- 
gent bundles of the manifold X'. Then, in case Sing{X) ^ 0, the bundles 
TX' and T* X' are not the restriction at X' of any vector bundle defined 
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on the whole of X. The same holds for every their tensor power, for every 
their non trivial algebraic quotient and for every their vector subbundle. 
In particular, for any N, N*,p efi the bundles TX'®^ (g) r*X'^^* and 
\PT*X' are not the restriction at X' of any bundle defined on X. 

(2) Let TX and T*X be the holoniorphic tangent and, respectively, holo- 
niorphic cotangent varieties of X. The following diffeomorphisms (de- 
noted by w) of real vector bundles hold: TX' sa TX' = TX\x' and 
T*X' « T*X' = T*X\x' (cp. Proposition 6.2 of Chapter I of [SuT] ). 

(3) Let Ox (TX) be the sheaf of germs of holomorphic vector fields on X. Then 
Ox{TX) is a sheaf of Ox-modules over X that, even if it is not necessarily 
locally free, is always coherent. 

(4) Denote by fix the sheaf of germs of holomorphic differentials on X. Then 
fix is a coherent sheaf of Ox -modules over X. Furthermore, in case X is 
reduced and irreducible, fix is locally free if and only if X is regular (see 
Theorem 8.15 of [Hsl). 

(5) Fix p G N. We wish to consider the sheaf over X of germs of holomorphic 
p-form on X. Actually, several different definitions of such a sheaf can be 
given. So, for the moment, just choose one of them, call it the sheaf over 
X of germs of holomorphic p-form on X and denote it by f2^. Anyway, 
as it will be clear from the following discussion, to our purposes, it is not 
important which of the several candidates has been chosen. Indeed, what it 
is really important is the following property common to any sheaf candidate 
to be the sheaf of germs of holomorphic p-form on X: it is a sheaf of Ox- 
modules that, even if it is not necessarily locally free, it is always coherent 

(cp. [El). 

Let us recall that Cx is the sheaf of germs of differentiablc functions on X (see 
Section [J). 

Remark 2. Let X be an abstract finite dimensional complex analytic variety. 
Then TX' X' is (Ox (TAT) (g)o^ C^)- extendable and T*X' X' is (fix ®Ox 
C^)- extendable. Analogously, every tensor power, every non trivial algebraic quo- 
tient and every vector subbundle of TX' and T* X' is an extendable vector bun- 
dle. In particular, for any N, N*, p € N the bundle TX"^^ ® T*X"^^' is 
{{n%^(g)OxOxiTX)'»'^')(g)OxC^)-extendable andthe bundle ApT*X' is {n'^(g)Ox 
C^) -extendable. 

We introduce more manageable notations. 

Notation 2. Let X be an abstract finite dimensional complex analytic variety. For 
each N, N*,pGN the sheaf {n%^ ^Ox Ox(TA:)«^^*) (g)Ox will be denoted by 
Sn,N' and the sheaf fV^ ®Ox denoted by Sp. 

Thus the bundles TX"^^ ® ^nd ApT*X' are 5x,Ar->-extendable and, 

respectively, 5p-extendable. As a note, both So o\x' and iSo|x' coincide with C^, = 
C^\x'. 

Example 2. Let X be an abstract finite dimensional complex analytic variety and 
E ^ X a differentiablc real (complex) vector bundle. Then for each N, N* , p G N 
the bundle TX'®^ ® j.-^x'®^' ® AjPT*X' ® E\x' is {Sn,n- ® 5p ® £)- extendable. 

The following definition is justified by the very important role played by the 
5„-extendable sections of XpT*X' . 
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Definition 3. Let X be an abstract finite dimensional complex analytic variety and 
p Cz N. The space 

(2.6) Text{A^PT*X') = {Lue T{X\ K^T* X') : uj is 5p-extendable} 

of Sp-extendable differ entiable sections of A^T* X' is called space of extendable 
difFerentiable p- forms on X . 

In what follows, we heavily use Notations of Section [1] (see (|1.3p ) and Subsection 

Let X be an abstract finite dimensional complex analytic variety, p € N and 
Cp — {{Ai, ni, Ui,Wi, Fi)}i,= L an atlas of trivializing extension for the iSp-extendable 
bundle APT*X' (cp. Remark[T|). Up to shrink the open sets of Cp, if necessary, we 
can improve p.2|) and get the following commutative diagram of surjective maps 
(for the notations see Section [T]) . 

(2.7) i i 

{{Cfr\A,)i ^ (5pUJz 

Indeed, it suffices to observe that for any x ^ X the index I <E I{x) can be chosen 
in such a way that ni verifies the following inequality (p') < vi. 

Thus, thanks to (1^ . ([^ can be also improved. Namely, uj e r{APT*X') is 
extendable if and only if for each x £ X there are Ai G Cp and 

(2.8) Qi e T{APT*Ui) 
such that 

(2.9) cjU'^^iFiU'Xi^i)- 
We have the following remark (cp. |Pej). 

Remark 3. Let X be a finite dimensional complex analytic variety andC = {Ai}i^l 
an atlas of X . Then uj G T{ApT* X') is extendable on X if and only if it is extend- 
able on Ai Cz C for any I G L. 

We explicitly note some facts concerning extendable forms. 

Remark 4. Let X he a finite dimensional complex analytic variety and lo G 
^exti^petiAPT* X') an extendable form on X. Then for any point x € X, even 
singular, there exists a neighborhood A^ of x such f/iat wj^^nx^^s ^•s bounded. This 
follows from the very definition of extendable sections (cp. Definition\^\) and from 

CT , WM: WM- 

Remark 5. Let Xi, X2 he finite dimensional complex analytic varieties and h : 
Xi X2 an analytic map. If uj € Te^ti^pefiAPT* X2) is an extendable form on 
X2, then its pull back (/i|/i-i(x^)nxj)*('^) '■^ ™l'; *^ general, an extendable form 
on Xi. Indeed, in order to have the extensibility of {h\fi-i(^x')nx')*{'-^)j Condition 
\2. 5\) must be verified (cp. Proposition\^ . 

Let X be an abstract finite dimensional complex analytic variety and fix p G N. 
Let Z be the closure of a non empty open set of X which is also a polyhedron 
of X and denote hy \ : Z ^ X the inclusion. As a matter of notations, set 
Sing{Z) = Z^ Sing{X) and Z' ^ Z C^ X' . Then 

(2.10) r^{Sing{X))QSing{Z). 
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The set 



(2.11) 



(A^T*X'):(i|zO*H-0} 



is called space of extendable ( differentiable ) differential p-forms (on X) vanishing 
on Z. It is easy to prove that V ext{^^T* X') z is a subspace of Texti.^'^T* X'). 

Next, consider the vector bundle (\\z')*{Xp-'^T* X') Z' and look at ((TTOl) . 
Then, arguing as in the proof of Proposition [21 it can be proved that such a bundle 
is (i*(5p_i) (g)c~ Cf')-extendable. The set 



is called space of extendable ( differentiable ) differential p-forms relative to the pair 



Remark 6. Let X, Z and i be as above. It is easy to check that Text{®peN^'''T*X'), 
^exti®peN^''T* X')z and T exti^Bpen-^^^) o,re complex vector spaces endowed with a 
structure of a graded algebra. 

Let X be a finite dimensional complex analytic variety. The two following short 
observations are in order. 

(1) T^X"^'^ is an extendable vector bundle. Indeed, T^X' splits as T'^X' = 
TX' ® TX' and both TX' and TX' are extendable bundles. 

(2) Up to write holomorphic and Ox instead of differentiable and, respectively, 

, the above discussion can be repeated word by word in the holomorphic 
category. The space and the sheaf of germs of 5£;'-extendablc holomorphic 
sections of an 5^' -extendable holomorphic complex vector bundle E' X' 
will be denoted by Fext{X',E') and, respectively, by extOxiE'). 



3.1. Extendable cohomology groups. In this subsection we introduce the ex- 
tendable cohomology groups of a complex analytic variety. 

(1) Let X be an abstract finite dimensional complex analytic variety. Then 

d^ : T,xtiA''T*X') ^ T^xtiA^+'T^X'), 

the restriction at rext{APT*X') of the p*'* exterior differential dP : r{APT*X') 
T{AP+^T*X'), is well defined for any p € N. So, T^xt{®pefi^^T* X') en- 
dowed with d ~ (Bp^tidP is a cochains complex, because do d ^ 0. 

Proof. Let C = {Ai}i^i be an atlas of trivializing extension for (Bp^j^APT* X' . 
Given uj g T^xti-^^T* ^'), let Co be an extension of uj on Ai. Then dP (a)) 
is an extension of dP (lu) on Ai, because dP commutes with the pull back 
operators (see (EH]), (E^]), (EH)). □ 

(2) Let X be an abstract finite dimensional complex analytic variety, Z the 
closure of a non empty open set of X which is also a polyhedron of X and 
i : Z ^ X the inclusion. Set Sing{Z) = Z n Sing{X) and Z' ^ Z r^ X' 
and let uj\z = (i|z')*(w) denote the pull back of w e T{®penAPT* X') to 
Z'. Then 

(a) The restriction of dP at Text{APT*X')z is well defined, because c? is a 
local operator. 



(2.12) 



T,xt{APx) = V,xt{APT*X')®T,xmz'n^^-^T*X')) 



{X,Z). 
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(b) For each peNletdf : Texti^n) Texti^P+^i) be the operator given 

by 

(3.1) dP{x,v) = {dP:K,x\z ~ dP-^v). 

Set d\ — (BpetidP- A straightforward computation shows that diod^ = 
0. So, rga;t(©pgNAPi) endowed with di is a cochains complex. As a 
note, a rfi-closed element of Text{(BpeN^P^) corresponds to a d-closed 
element oi Text(®p€N-^PT* X) whose restriction at Z is exact. 

Definition 4. Let X be an abstract finite dimensional complex analytic variety, Z 
the closure of a non empty open set which is also a polyhedron of X and i : Z ^ X 
the inclusion. Fix p £ N. 

(1) SetZP,, (X) = ker(dP|r,^,(A.T«x')) and BP,, (X) = lin{dP-'\r,^,iAp-^T'X')). 
The group 

is the p*'' extendable cohomology group of X . 

(2) SetZP,,iX)z = ker(dP|r_(A.T-x')J a«di?Lt(A)z = Im(df-i|r,,,(AP-iT.X').)- 
The group 



Hexti^)^ 



^ext(A) 



Z 



Blxt{X)z 

is the p*'' extendable cohomology group of X vanishing on Z . 
(3) Set ZP^^^ (X, Z) = ker(df ) and BP^,^^ (X, Z) = lni(df"^). The group 

is the p^^ extendable cohomology group relative to the pair (A", Z) . 

The following example is an adjustment of a real analytic example given by 
Bloom and Herrera (see pages 287-288 of (Bl-Hej ). 

Example 3. Let z denote the coordinate on C and (zi, z-i) the coordinates on C^. 
Consider the map 

/ : C ^ C2 

z (z^, z^ + zJ) 

and let B be a neighborhood ofO m C such that X — f{B) is an irreducible complex 
analytic variety. Recall that, since the complex dimension of X is 1, any holomor- 
phic differential 2-form of type (2, 0) defined on X^'^^ is identically zero. Let uj be 
a holomorphic differential 1-form of type (1,0) defined on a neighborhood of in 
and not identically zero on X^'^^ . Since d{oj) = d{oj) + d{uj), we have d{uj) = 
on X^^^ . Indeed, on one hand, d{uj) — 0, because lo is holomorphic, and, on the 
other hand, d{uj) = 0, because d{uj) is a holomorphic differential 2-form of type 
(2, 0) on X^^s. Let a; e S^.^^^ be the germ at of uj. Taken f*{u)) G £^ q, it results 
d{f*{tjj)) = 0. Indeed, /*(ti') is closed, because it is a form of type (1,0) on C. 
Then, by Poincare lemma in C, there exists h € 5^ g such that f*{uj) — d{h). In 
fact, since <jJ is holomorphic of type (1, 0), such a germ h is in Oc.o- If there existed 
an element g G £^2 q not identically vanishing on X^^^ and such that uj = d{g), 
then we would have d(/*(g)) = f *{d{g)) = f*{ij^) and so h = /*(g) + Const. . A 
necessary condition for h to be of such a form is that the formal power series of h 
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at can be expressed as a power series in and {z^ + z'''). Now, consider the holo- 
morphic differential 1-form uj = zidz2 of type (1,0) defined on a neighborhood of 
in and not identically zero on X^'^^ . Then, since the resulting h does not have 
that form, the Poincare lemma does not hold. So, j^-) 7^ and H^^^ (X) 7^ 0. 

The following important remark is in order. 

Remark 7. Example shows that 

(1) There exist complex analytic varieties whose extendable cohomology groups 
are not trivial 

(2) A Poincare Lemma for extendable differential forms does not hold. 

3.2. A technical lemma. The following technical lemma shows the existence of 
extendable partition of unity. Notations of Section [1] will be heavily used. 

Lemma 2. Let X be an abstract finite dimensional complex analytic variety and 
B = {Bf}}p^<Q an atlas of X enjoying (2) of Lemma\^ Then there exists a partition 
of unity {pp : X —t IR}/3g!B subordinated to B such that for any /3 G 25 the function 
ff3 '. Wfj — > R given by 



(3-2) rp^pp\A^,oFp 

I/3G33 



is extendable to a differentiable function Rp : — > R. : X ^ p 



extendable partition of unity subordinated to B. As a note, Pp\x' ■ X' 
extendable 0-form for any /9 € S. 

Proof Let C = {C/jj/jeoj, V {Dpjpfzts and £ = {Epjp^zts be open coverings of 
X all refining B ={Bi3} ^^t^. We can assume without loss of generality that the 
sets of indices of C, V and £ coincide with *B, the set of indices of B. Moreover, we 
can also assume that for each /3 e 25 it holds 

Ep cE;^ C Dp CD^ C Cp CC^ C Bp. 

These facts follow from Lemma [1] (1). Then, C, T> and £ are coordinate open 
coverings of X enjoying (2) of Lemma [1] as well as B. 

For each /3 g *B consider the homeomorphism Fp : Bp Wp C Up and the 
images in Up of Ep, Ep, Dp, Dp, Cp, Cp, Bp via Fp (cp. (jl.ip ). Then, there exist 
open sets Cp, Dp, Ep of Up such that Fp (Cp) ^CpH Wp, Fp (Dp) = DpHWp 
and Fp (Ep) ~ Ep n Wp, because Fp (Cp) , Fp (Dp) , Fp (Ep) are open sets of Wp 
and the topology of Wp — Fp (Bp) is induced by Euclidean topology of Up C C"-f . 

For any /3 S 25 let Gp : Up ~* M.he a positive, bounded, differentiabile real valued 
function such that Ep C supp{Gp) C Dp, denote by g/s = G/slw^a • ^ K the 
restriction of Gp at Wp and consider the function Fp (gp) : Bp R given by 
Ppi9f3)ix) = 9p°Fp{x). Since Fp{gp) is identically zero away from Dp, let us agree 
that on X \ Bp the symbol Fp{gp) denotes the function identically equal to zero. 
So, Fp (gp) : X ^ W is the function defined on the whole of X given by 



(3.3) F; (gp) (x) 



_ f 9P° Fp{x) for X € Bp 

forxeX\Bp 



Moreover, let us agree that for any (7, /3) G OS x OS such that n Bp = the 
symbol F^^ p^ (g^) denotes the function identically equal to zero (cp. (|1.2p ). 
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For each /3 G 03 let be the function defined by 

(3-4) ^ ^ p (^)^^ 

Again we have — Q away from Z3^. So, 

f 2££M£^ forxGBa 

(3.5) P/3(a;) = < " 

[ for xeX\Bp 

It is easy to check that {p^ : X Rj^gfg is a partition of unity subordinated to 
B. Thus, it only remains to prove that for each /3 e 23 the function : M 
admits a differentiable extension i?/3 defined on the whole of U/3 . 

For this, fix /3 S 23. It follows from Lemma[T](2) that there exists a finite subset 
of indices *B (/?) C S such that B^n Bp^^if and only if 7 e <8 (/3). Note that, by 
p.2p and ()3.4p . in order to have a differentiable extension i?^ of rp, it suffices to 
find a differentiable extension l^{j,i3) (G7) : Up ^ R of F^^ (5^) for any 76 23 

Now, for each 76 23 (/?) consider the biholomorphism F(^^^p-j : Fp{Bp H B^) ^ 
Fj{Bpr]Bj) (see (|1.2p ) and note that only two cases are possible. Namely, np < 
or np > Tij, where = dime Ua for any a € 23 (cp. Section [1]). 

Suppose np < n^. Then there exist an open subset Qp^ of Up such that Qp~^ f] 
Wp — Fp{Bp n B^) and a holomorphic injective map IF(7_^) : Qp-y ^ {-y ,i3){Q p-y) 
such that i^(7,/3) is the restriction of F(^^^) at Fp{Bp f! B^). Let 0/3^ be an open 
subset of Up such that Op^ C Q^^, and Op^ n W/3 = Fp{Bp n C^) and consider the 
restriction F(^^^)|o3^ : O/37 ^ ¥(^^p){Opy) of F(^_/3) at O/j^. Let h^^^p) (G^) : [/^ ^ 
M be the map defined by 

It follows from C supp (G^) C that ^'{■y^p) (G-y) is a well defined, continuous 
map that is also is differentiable, because of the holomorphy of F(-y^^)|o^^ and the 
differentiability of Gy. Furthermore, by its very definition, ^^(y^p) {Gy) is such that 

(3-7) L(7,/3) (Gy) \Ff,(D^) = ^{■y,0) idi) \f^(d;)- 

Then, since pp = Q away from Dp, 1^(7^/5) (G7) is the wanted extension of F*^^ ^-j (177) 
and we are done in the case np < Uy. 

Suppose np > Uy. Then there exist an open subset Qpy of Up such that Qpy H 
Wp — Fp{Bp n By) and a holomorphic submersion ¥{y^p) ■ Qp-y ¥i^^^p){Qp^) 
such that F(^^^p-f is the restriction of F(^_^) at Fp(Bp n By). Let Opy be an open 
subset of Up such that Opy C Qp-y and Opy n Wp = Fp{Bp n C7) and consider 
the restriction Fj-^^^-jjo^,^ : Opj Fj-^^^-j (O^-y) of F(^j3) at Opj. By using the local 
form of submersion, the function (F(7^/3)|o^.^)*(G7|f(^ ^,(0^^)) is an extension of 
P(.y,p) (57) IppiB^nc-,) to the whole of Opy. 

Now, let Npy be an open subset of Up such that Npy C Npy C O/37 and 
Npy nWp D Fp(Bp n Dy). Then the restriction (F(7,,3)Iiv^)*(G7|f^^^^(^)) of 

G7|f(.^^^)(0^^)°F(^^^) |o^^ at iV/37 is also a differentiable extension of F^*^^^) (^7) liv^nw^- 
Let us agree that the function {¥(^y^p)\j^)*{Gy\^ ^ (lv7)) defined also on Wp \ 
Npy as the identically vanishing function. 
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Let Vi3j be an open subset of Up that is a neighborhood of Wf3 \ Np^ such that 
Vp^ C \%i C Up, Vp^ n Np^ ^ and n Dp = 9. Then, by Tietze's extension 
theorem, the function 



(3.8) {^M)\v^nN^nG,\^,-,MW;nN^)^ : (^/37 n Np^) U {Wp \ Np^) ^ M 



can be extended to a continuous, non identicaUy vanishing function defined on 
{ypi n Np^) U Moreover, by the approximation theorem (see [St], 6.7), we can 
assume without loss of generahty that such a function is also differentiable. Thus, 
we get a differentiable function defined on the closed subset Np^ U Vp^ of Up. 

By using the same technique (extension and approximation theorems) , we get a 
differentiable function l^(-y^p) (G-,) : Up ^ M. such that 



Then li(^.p) (G^) is the wanted extension of F^^ ^-^ {9-i)i because = away from 
Dp. We are done also in the case np > n^. 

The proof is thereby concluded. Indeed, the function Rp : Up M. defined by 



Lemma [5] has several important consequences. We begin with the following 
corollary. 

Corollary 1. Let X be a finite dimensional complex analytic variety. Then the 
sheaves Sn,N' and Sp are fine and soft for any N, N* , p € N. 

As a further consequence of Lemma[2J we can prove that the spaces of extendable 
sections of extendable bundles of Example [5] are not trivial. 

Remark 8. Let E ^ X be a differentiable real (complex) vector bundle defined 
over an abstract finite dimensional complex analytic variety. Then for each TV, N* , 



p €n the bundle Text{TX"^^ ® T*X'®^* ® ApT*X' (g) E\x') ^ {0}. For this, 



consider an extendable partition of unity subordinated to a suitable open covering 
of X and argue locally. 

Next, let X be an abstract finite dimensional complex analytic variety, Z the 
closure of a non empty open set that is also a polyhedron of X and [ : Z ^ X 
the inclusion. Let : Texti-A^T*X')z ~^ Texti^^i) be the map that to any lu e 
rext{A^T*X')z associates aP{uj) ~ {uj, 0). A straightforward computation shows 
that aP induces a homomorphism : HP^f.{X)z H^^f{X,Z) in cohomology. 
Furthermore, the following proposition, whose proof is a direct consequence of 
Lemma [21 holds. 

Proposition 3. Let X be a finite dimensional complex analytic variety, Z the 
closure of a non empty open set which is also a polyhedron of X and i : Z ^ X the 
inclusion. Then : HP^^(X)z — > H^^^{X, Z) is an isomorphism for any p G N. 

Proof (Sketch). Injectivity of A^*. 



Let LU e rext{APT*X')z be such that dP(tj) = and Ap{[co]hp^^(^x)z) = OffLtC-^.^)' 
This means that aPiuj) — {lu, 0) is di-exact. Then there exists {d, <j) G Text{A^~^^) 
such that (w, 0) = d^^\i), ^) = {dP-^^, - d^^^). Thus, w is an exact global 



(3.9) 



^h,l3) (G7) If^(S^) - ^(*7,/9) (57) |- 



I forueUp\ (U.^e25 Op^) 

is a differentiable extension of the function rp : Wp — > M (see p.2p '). 





□ 
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form and d\z — dP^^c, — 0. Actually, this is not enough to conclude, because we 
want a primitive of oj vanishing on Z . Let ^ be an extension of q to the whole of 
X. Note that such an extension there exists, because the sheaf Sp-2 is soft (cp. 
Corollary [U of Lcmma[2]). Now, set <r') = (i? - d^"^?, 0) e re^t(AP-H). Then 
(F~^{d', <;') = (w, 0) and d'\z = i9|z - dp-'^q = 0. We are done, because d' is a 
primitive of lo vanishing on Z , because. 
Surjectivity of . 

Let {x, v) e Texti-t^^'y) be df -closed. We want to find a dP-closed w € Te.xt{J^^T* X')z 
such that [{x, f )]i/p = [("^i 0)]/fP (^,2)- That is, we want to find a d^'-closed 

w e re.t(AfT*X')r*and e r,,tTA^-ii) such that (;<, v) = (w, 0) + df-\^, 

(;) — {lu + dP^^i), i^lz — dP^^(;). Since the sheaf 5p_i is soft, there exists a global 
extension v of u. Set (z?, ^) = (w, 0) G rea;t(AP^^i) and define uj = >f— d^*"^!). Then 
(x, v) = (w, 0) + <j). Moreover, rfP^i: = and xrjz — d^^^v = 0, because (>f, 

1^) G re2.t(APi) is c?|'-closed. Then, by the very definition of w, it results uj\z — 0. 
We are done, because to is an extendable differentiable form vanishing on Z such 
that [(x, v)]hp^^^x,z) = ^^(Hi/J,,(x)z)- n 

3.3. Extendable Cech cohomology groups. Let AT be a finite dimensional com- 
plex analytic variety and Z the closure of a non empty open set that is also a 
polyhedron of X. An open covering V = {^}je./ of X is adapted to Z if there 
exists a unique j{Z) e J such that Z C y,(z) and if for any j £ J \ {j{Z)} it holds 
Z nVj =0. Sometimes the set Vj(^z) is simply denoted by Vz- Let us agree that 
every open covering of X is adapted to the empty set. 

Lemma 3. Let X and Z be as above. If V is an open covering of X adapted to 
Z , then there exists an open covering B of X adapted to Z which is a locally finite 
refinement of V . 

Proof. Let B* — {i3^,}/3*g!B« be a locally finite refinement of V and A : 25* J 
a refinement map associated with B* and V. Write 58*, the set of indices S*, as 
the disjoint union of {/?* € »* : Z n B^, ^ 0} and {/3* e «* : Z n B*^, = 0} and 
note that, if B-^, € B* is such that Z n B'^, ^ 0, then X{j3*) = j{Z), because V 
is adapted to Z. Now, set Bz = U/3'e®* znB%5^0 -^;3* ^^'^ P* ^ ^* ^^'^^ 

that Z n = set /? = /?* and Bf^ = B*^, . Write » = {Z} U (OS* \ {/3* e »* : 
Z n S^. 7^ 0}). Then B = {Bp}p^<z is the wanted covering. □ 

Let X be a finite dimensional complex analytic variety, Z either the empty set 
or the closure of a non empty open set that is a polyhedron of X and V = {Vj} 
an open covering of X adapted to Z . 

As a matter of notations, for any g e N and j = {jo, ...jjq) E 7"^+^ set Vj = 
Vjg n ... n Vj^ and V! = Vj \ Sing{X). Moreover, for any g G N, to g {0, ..,q} 

and j (jo, ■■■,jq) e J«+^ set j,„ = (jo, jm, jg) G J' and denote by d^^^^ : 
Vj Vj^^ the inclusion. Note that, if g e N \ {0} and j G J9+\ then Vj n Z ^ 0. 
Let p e N. The set 

(3.11) CP{X, V, Vz) = rijej.+i re,t(APT*v;)z 

is the space of extendable p-forms associated with V and vanishing on Z. Note 
that, since V is adapted to Z, the unique space really containing forms vanishing 
on Z is T,xt{^PT*V;^z))z C C^(X, V, Vz). 
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The elements of {dq-i,rn} ^fzfq\^o} me{o g} S^^^ ^^^^ ^ sequence of families of 
maps 

< J qGN, m€^{0,...,q|, p^N 

depending on p e N. For each p e N the map ^ is described as follows. 
The image ((^^_i,,„(wfc)fce jOjOje J^+i of i^k)keJ'' e l\k^jq^ext{^^'^T*Vl)z is the 
element of UjeJ^+^ T,,tiA-PT*V!)z whose j*'' term {5P_^ jni^k)keJi)j is given by 
{9q~i,m\v:)* i^j^)- Sometimes we write LUj^ instead of {{dq-i^m\v!)* {^k)keJ'')j- 
So, {S^g_i^m{uJk)k€Ji)j = 

For any jo G <^ denote by : Vjg > X the inclusion and define g : Ujog j ^jo ~^ 
X by setting gjy^^ = 9^". Then g gives rise to a sequence of maps {P^* : Texti^^T* X')z 
Ylj„(zj'i^ext{^^T*V-Jz}peN depending on p G N. For each p e N the map PP is 
described as follows. The image of u; S rexti-^^'^T* X') is the element {{PP{uj)jg)jg^j 
of n.oej r,xt{A^T*vpz whose j*^ term is (e|v;^ )* (uj). 

For each p e N and (7 e N \ {0} the map 



(3.12) 



{^k)ke.ii ^ ((<5g-i(^fe)fceJ'')j)jeJ'J+i 
defined by 

(3.13) {5l^i{uJk)keJ-')j = El=o (-1)" ('5g-i,m(^fc)fcejOj 

is called p-difference operator associated with V. A straightforward computation 
shows that for any p G N and g € N \ {0} it results o 6^_^ = and Sq o pP = 0. 

Proposition 4. Let X be a finite dimensional complex analytic variety, Z either 
the empty set or the closure of a non empty open set that is a polyhedron of X 
and V = {Vj}j^j an open covering of X adapted to Z. Fix p G N. Then the 
6^ -cohomology o/O— > Texti^^T*X')z — ^ Cq{X,V,Vz) — > ... is identically zero. 

Proof. By Lemma [3l there exists an open covering B oi X adapted to Z which is a 
locally finite refinement of V. Moreover, by Lemma [1] we can assumewithout loss 
of generality that B enjoys (2) of Lemma [T] It follows from Lemma [5] that there 
exists an extendable partition of unity subordinated to B. Finally, proceed as in 
Vol. Ill, Ch. E. ' □ 



Let X be a finite dimensional complex analytic variety, Z either the empty 
set or the closure of a non empty open set that is a polyhedron of X and V = 
{Vj} -^j an open covering of X adapted to Z. For each r G N set K^{X, V, Vz) = 
OpJmp+q=rCPiX,V,Vz). The space K{X,V,Vz) = (SreNKxtiX,V,Vz) is the 
space of extendable form associated with X , Z and V. 

For any r G N let D'' : if'^(X, V, Vz) K'^+'^iX, V, Vz) be the operator that on 
each CP{X, V,Vz,) with p + q = r is defined by 

(3.14) D^-\c^^^xy.y.)=5P + i-l)'dP 

and that is identically zero otherwise. It easy to prove that o = for 

any r G N. Denote by D : K{X, V, Vz) ~^ K{X, V, Vz) the operator that on each 
K-{X, V, Vz) is given by i?|K-(jf,v,y.) - D'- 
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Definition 5. Let X be a finite dimensional complex analytic variety, Z either the 
empty set or the closure of a non empty open set which is a polyhedron of X and 
V an open covering of X adapted to Z. Fix r e N. Set Z^^^{X,V,Vz) — ker(_D'') 
and Bl^tiX,V, Vz) = Im(i:>^-i). The group 

H.AXy,Vz)- ^^^^^^^^^^^^^ 

is the r*'' extendable Cech cohomology group associated with X , Z and V. 

We have the foUowing theorem. 

Theorem 1. Let X he a complex analytic variety of finite complex dimension, 
Z either the empty set or the closure of a non empty open set which is a poly- 
hedron of X and V an open covering of X adapted to Z . Fix r G N. Then 
P'' : Te^t {K''T*X')^ K''{X, V, Vz) induces an isomorphism P" : Hl^^ (X, Z) 

Hi,,{xy,Vz). 

Proof. Proceed as for the proof of Proposition II. 8. 8 of |Bo-Tuj . □ 

We have the foUowing remark. 

Remark 9. Let X be a complex analytic variety of finite complex dimension, Z 
either the empty set or the closure of a non empty open set which is a polyhedron 
of X and V an open covering of X adapted to Z. Then 

(1) The possibility of adapting the proofs of Proposition and Theorem [7] to 
the case of extendable forms is a direct consequence of Lemma\^ 

(2) The complexes of cochainsText{®reN-^^T*X')z and K{X,V ,Vz) are chain 
homotopic. More precisely, let B = {P/jj/jgis be an open covering of X 
refining V and enjoying (2) of Lemma{^ Let {p} — {pp : X Rj^gis 
be an extendable partition of unity subordinated to B. Then there exist 
a homotopy operator L : K{X,V ,Vz) K(X,V,Vz) and a chain map 
</> = 0x,z,v.B,{p} : K{X,V, Vz) T,,,t{Or&-,A^T*X')z such that o P = 
^^r. ^tOreNA 'T-xpz and P o cf) = D o L - L o D + idK(x.v,Vz) ■ For a proof 
see 'Bo-Tuj. Ch. II, Sec. 9. 

Note that, if V = {Vo,Vi} only contains two open sets, then for each 
r (z N it results 

K:^t{X,V) = T,^t{K''T*Vi) ® T,,xt{K''T*Vi) ® T,xt{K^-^T*Vl^^^;). 

Moreover, if {poiPi • ^ ^ an extendable partition of unity subordi- 

nated to B = V, then (p is the map that to to = {ll>o, lui, wqi) G ^^^^{X, V) 
associates the r-form 

(3.15) uj ^ Pqluo + PiLOi - dpQ Aluoi 

As a note, the theory that in this section has been developed for the real bundle 
TX' holds also for the vector bundles TX', TX' and T^X'. 

4. Integration 

4.1. Integration of extendable forms. For the proof of the following theorem, 
see [Hdj and [Loj . 

Theorem 2. Let X be an abstract finite dimensional complex analytic variety. 
Then X is a triangulable topological space. 
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As a matter of notations, let X be an abstract finite dimensional complex analytic 
variety. For each triangulation T of X the simplicial complex associated with X 
and T is denoted by (X, T). Let /i e {0, dimR(X)}. The set of the /i-simplices of 
T and the /i-skeleton of (X, T) are denoted by T^, and, respectively, Skel^{X,T). 
The groups of /i-chains and /i-cochains with coefficients in C associated with T are 
denoted by {X) and, respectively, C{i {X). The groups Cj {X) and {X) are 
endowed with a structure of complex vector spaces. Moreover, Ci^ {X) is the dual 
space of Cj^ {X)- The h*^ simplicial homology and cohomology spaces of X with 
coefficients in C are denoted by Hh {X) and, respectively, by {X). Recall that 
H^'{X) is the dual space of Hh{X). 

Let C ~ {Ci}i(zL be an open covering of X . A triangulation T of X is C-small if 
for any simplex A G T there is C;(a) G C such that A C C;(a)- 

Lemma 4. Let X be a triangulable topological space, C an open covering of X and 
T a triangulation of X . Then there exists a natural number b{C) € N such that 
T^^''^ the 6(C) barycentric subdivision o/T, is C-small. 

Proof See [Mu], Ch. 4, Sec. 31. □ 
Recall that, if A'* denote the standard simplex of real dimension h, then 

(4.1) -fffc(A ) = Hk(A^) = < „ i. , TXT 7 ^ 

^ ' fcv ; I for k : k > 

Let X be a finite dimensional complex analytic variety. For any u; in T^xti^^T* X') 
there is an atlas A (w) — {{Ai,ni, Ui,Wi, Fi)}i^l of trivializing extension for X''T*X' 
such that Lu is completely extendable on Ai for any I S L (cp. ()1.1|) . (II. 3|) . Remark 
[TJ Terminology [1]). An atlas as A (w) is an atlas of extensibility of to. Suppose that 
an atlas of extensibility A (w) is given for any uj £ rext{^^T*X'). 

As a matter of terminology, let X^ C X be a complex analytic subvariety of X. 
A triangulation T of AT is compatible with X^ if X^ is homeomorphic to a simplicial 
subcomplex of {X, T) via the homeomorphism between X and {X, T) . 

Proposition 5. Let X be an abstract complex analytic variety of complex dimen- 
sion n. Let UJ G Texti-^^T* X') be an extendable p-form and .4 (w) an atlas of 
extensibility of uj. Let T be an A {u)- small triangulation of X compatible with the 
analytic subvariety Sing{X) of X. Then the map 



(4.2) ■> / 



Fa(A) 



where A £ A (uj) is such that ADA and uj G T{ApT*Ua) is any extension of uj, is 
well defined. 

Proof. We have to show that J uj is well defined. 

Let A G Tp be such that A n Sing (X) = 0. Then the proof goes as in the non 
singular case. Indeed, on one hand the topological boundary of dA is Lebesgue 
trascurable. On the other hand, uj is bounded, because it is extendable (see the 
proof of (1) at the beginning of Subsection l3.ip . Then it is possible to define J ^uj = 
J ^u! as in the non singular case. As a note, if p = 2n, then A n Sing{X) = 0, 
because dimB.{Sing{X)) < 2{n — 1). 
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Next, suppose that A e Tp is such that A n Sing {X) ^ 0. We have to prove 
that the definition of J ^ lo does not depend neither an A (w) such that ADA 
nor on the extension w e V{hyT*UA) of w (cp. (|4?2]l ). 

(1) Let {A.ua^Ua.Wa.Fa) G AiiS) be such that ADA and write A ^ A\ 
Sing{X). If uji, (bi G V{bJ'T*lJ a) are of two extensions then wijj^^^^/) = 
'^2\fa{A')-, because (Fa\a'Y {^\) = = (-FaU')*('^2)- Furthermore, it results 
'^\\fa{A) = '^2|_F4(A)j because wi and (I'2 are continuous and coincide on the dense 
subset Fa{A!') of Fa{Al). Then /^^(a)"^! = Ifa{A)^^ ^^"^j case, the 
definition of J ^ lo is independent of the extension of lo. 

(2) Let {Ai,ni,Ui,Wi,Fi), (A2, na, ;72, W2, Fa) € A (a;) be such that both Ai 
and A2 contain A. Set A(i_2) =^10^2 and write A'^ — Ai\ Sing{X), A'2 = 
A2 \ Sing{X), A'(^ 2) = \ Sing (X) (see Section p. If ci)! e T{ApT*Ui) 
and (I12 G T{APT*U2) are of two extensions of lo, then ~ {Fi\a[)* (ooi) and 

= {F2\a'^)*{(^2)- So, 

(4-3) = {F(^2,i)\F,(A[^.^^)yi'^2) 

'^2|f2(A;j,,) = (^(l,2)|j=^i(A'(j,)))*('il) 

and 

(4-4) = (F(2,i)|i^2(A;^_^,))*(rf'^2) 

rf'^2|F.(A;,,,) = (F(i,2)|Fi(A;,_,,))*(d'^l) 

We claim that, actually, it holds 

(4-5) = <^2oF(2,i) 

'^2|f2(A(i,2)) = <iloF(i_2) 

In order to prove this, let Oi be an open subset of C/i such that Oi n Fi{Ai) = 
Fi(A(i 2)) and F(2,i) '■ Oi '^(2,1) (Oi) a holomorphic extension of the biholomor- 
phism F(^2,i) ■ Fi{A{i:2)) ^ ^2(^(1^2)) (cp- (|1.2p ). Let O2 be an open subset of 
U2 such that O2 n ^2(^.2) = F2(A(i_2))- Shrinking Oi, if necessary, we can assume 
without loss of generality that F(2_i)(0i) C 02- Let t : F(2,i)(Oi) ^ O2 denote the 
inclusion. Then 

(4-6) = (F(2,1)Ifi(A(i,2)))* ° ^*('^2|02) 

= 'I'2|02 °'-°IF(2,1)Ifi(A(i,2)) 

Indeed, on one hand 

^2(^1,2)) = F2 o Ff 1 o Fi(A(i,2)) C F(2,i) (Oi) C O2 
On the other hand, ^j) ^^^^ ci)2|o2 ° '-° I*'(2,i) Ifi(A(i 2)) coincide on the dense 

subset Fi(A'^^2)) of Fi(A(i^2))j because of (14. 3|) . Then, it results '^i|fi(A(i 2)) = 
(I;2|o2 ° ^ ° IF(2,i)Ifi(A(i,2))- Then we get ^l\F^iA^,,2)) = ^2 ° F2 o Ff Vi(A(i,2))- 
Analogously, <I'2|F2(yi(i,2)) = '^1 o Fi o Fj" ^2(^(1,2))- ^o, (gSD are proved. 
Furthermore, a similar argument shows that 

(4-7) d('^l|Fi(A(i,2))) = C?'^2oF(2,i) 

'^('^2|f2(A(i,2))) = d(I)ioF(i_2) 

Now, since A e Tp is such that A n Sing {X) ^ 0, it results p = dimg (A) < 
2n, because the triangulation T is compatible with Sing{X). Then there exists a 
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simplex E £T such that diniR {E) > dhiiR (A), d (E) D A and E n Sing {X) = 0. 
Thus, by the geometry of simphces and ()4.ip . there are a p-chain A' C E C E and 
a (p+ l)-chain T <Z E <Z E such that A', T C ^(1,2) and A + A' = 9 (F). Note that 
A' n Sing (X) = and f n Sing (X) = 0, because A', T a E. 

Next, since F^2,i)\f,{A[,) ■ ^^1^2) ^ ■F^2(^i2) and F(i,2) |F.(Ai,) : F^i^^) ^ 
^1(^12) are biholomorphisms between complex manifolds, they preserve orienta- 
tions. Then 

(4-8) /i=^i(A')'^l = /i=^(2.i)oFi(A')(^(1^2)lF2(A;2))*('^l) =/f2(A')'^2 

and 

(4.9) /^^(fj d^i = /F,,,i,oFi(f)(^(l,2)lF.(Ai,))*(^'^l) = /F.(f) 

So, by 1121) and (g^, it resuhs 
(4-10) /fi(A)+Fi(A')'^i = /Fi(r)'^'^i = /Fi(r)'^'^2oF(2,i) 

" /F(2,i)oFi(r) ^^2 = /f2(A)+F2(A') ^2, 

because -F(2,i) o^'i(r) = -F2(r). Then, by (14. 5p . it results = /f2(A)'^2 

and we are done. □ 

Let X an abstract finite dimensional complex analytic variety and take uj g 
^ext{-^^T* X'). By Lemma m the operator / w : Tp ^ C is well defined for any 
triangulation T of X compatible with Sing (X). 

Theorem 3. (Stokes) Let X be an abstract finite dimensional complex analytic va- 
riety andT a triangulation of X compatible with Sing{X). Let ui G Text{^^T*X'), 
C G CjS+i {X) and t : dC ^ C be the inclusion. Then 

Ic = he (^) • 

Proof (Sketch). Let A{u!) be an atlas of extensibility of lu and T*" an y^(a>)-small 
barycentric subdivision of T (cp. Lemma|4]). Then C belongs to Cp_^_i (X). Namely, 
C = X^agA '^^^^ G "Tp+i for any A € A. Thus, it suffices to show that the 
thesis holds when C is a simplex A £ "^p+i- 

If A n Sing (X) ~ 0, then there is nothing to prove, being the classical result. 
If A n Sing {X) ^ 0, then there exist A e A{uj) and Q e re2,t(APT*f7^) such that 
A D A and uj\a = (^AU\Smg(x))* (w) (cp. Proposition O . Set A^ = Fa (A). 
Then A^ C Ua- Moreover, OAa — OFa (A) — Fa (9A), because Fa is a home- 
omorphism. So, letting la '■ QAa ^ A^ denote the inclusion, the wanted result 
follows from the classical Stokes' theorem 

(4.11) duj = J^^ d^ = Jg^^ (iA)* (w) = Jg^ L* (UJ) . 

□ 

We have the following remark. 

Remark 10. Let X be a compact irreducible complex analytic variety of complex 
dimension n and T a triangulation of X compatible with Sing{X). Take lo G 
rea:t(A^"r*A") and let A{llj) be an atlas of extensibility of lu. Let 6 G N fee such 
that is A{u})-small. Then the number 



(4.12) 
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is well defined. Indeed, even if in general two triangulations of X do not have a 
common refinement, actually, {4^.12^ does not depend on the chosen triangulation 
T of X compatible with Sing{X). In order to prove this, recall that, ifTiand T2 
are triangulations of X compatible with Sing{X), then there exist triangulations 
T3, T/, T// of X compatible with Sing{X) such that T/ is a refinement of both 
Ti and T3 and T// is a refinement of both T2 and T3. The claimed independence 
follows from 

As a matter of terminology, J ^ lo is the integral of lo on X . 

4.2. Integration of extendable cohomology classes. Let X be a finite dimen- 
sional complex analytic variety and Z either the empty set or the closure of an 
open set which is a polyhedron of X. For any p g N the p*"^ simplicial cohomology 
group relative to the pair {X,Z) is denoted by II'p{X,Z) (cp. Theorem [2]). Let 
w € T exti^^T* X') z be an extendable p- form and T a triangulation oiX compatible 
with Sing {X) and Z. Extending by linearity / a; : Tp ^ C to the whole of (X), 
we get a well defined map J lu : {X) C that, in fact, lies in Cj {X). 
So, we get a homomorphism between complex vector spaces 

(4 13) V'z-- r,,tWT*X')z ^ C^iX) 

uj rj^zi^) ~ I 

rfz is called operator of integration of degree p. 

Furthermore, for any w G Text{^^T*X')z the cochain rj^iui) lies in Cj {X, Z), 
because uj\z = 0. So, 

ryP :re.t(AfT*X')z^C^(X,Z). 

With slight abuses of notations, given any A e {X, Z), the cochain 77^ (lu) acts 
as follows A + (Z) 9 A (lu) (A) = e C. 

Let 

a^A■^ Hz-- Hl,,{X)z ^ HP{X,Z) 

be the operator induced by rj^. Then II^{[uj]) E II'p{X,Z) is the map that asso- 
ciates to each [C] £ IIp{X, Z), C e C + (Z) the number 



UJ. 



(4-15) /[c]H=/c 

In order to prove that is well defined, we use Stokes' theorem. Let C e C -I- 
Cj (Z) be a p-cycle of {X,T) relative to {X,Z) and ui e TextiAPT* X')z a closed 
extendable p-form vanishing on Z. Since d^C C Z and dPuj — 0, llj\z = 0, for each 
E e Cj+i {X, Z) and for each a e T ^xti^^'^T* X) z we have 

(4-16Jc+ap+i£;+cj(z)('^ + ^^"^'^) = /c'^ + /apc^ + /cj(z)('^ + '^^^^cr)l2 

because (w -h dP-icr)|z = 0, 9^(7 C Z and ct|z = 0. So, iJ| : Hl^t{X,Z) 
IIP{X,Z) is well defined, because Jjj-,j[cj] does not depend on the representatives 
chosen in [C]h^(^x,z) and [wjjjp t(^)z- Moreover, is a homomorphism of vector 
spaces, because such is 77^. is called homomorphism of integration of degree p 
relative to (X, Z). 
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Lemma 5. Let X be a finite dimensional complex analytic variety and S a closed 
compact complex analytic subvariety of X . Such an S is a polyhedron of X . Then 
there are arbitrarily small open neighborhoods Us of S in X such that 

(1) Us and X \ Us are polyhedra in X 

(2) The inclusions S Us ^ Us and {X \ Us) ^ [X \ Us) ^ iX\S) are 
homotopy equivalences. 

Proof. If X is compact, then proceed as in [Mu], Ch. 8, Sec. 72. If X is not 
compact, we can agree as follows. Let X* be an open neighborhood of 5 in X such 
that X* is a compact polyhedron in X with respect to the same triangulation for 
which is a polyhedron. Then the statement holds for S considered as a polyhedron 
in X* . So, the following 

_S_ ^ _Us ^ _V's 

X*\Us ^ X*\Us ^ X*\S 

are homotopy equivalences, with J/g an open neighborhoods of S in X* and then in 
X. Furthermore, by their very constructions (cp. [Muj . page 429), the homotopy 
equivalences X* \ Us X* \ Us — > X* \ do not involve the boundary of X' in 
X. Then, in order to define the wanted homotopy equivalences 

X\TJ^^X\Us^X\S, 

just glue the maps X*\C7s -> X*\C/s X*\S' and X\X* X\X* ^ X\X*. □ 

Remark 11. Let X be a finite dimensional complex analytic variety, S a closed 
compact complex analytic subvariety of X and Us an open neighborhood of S en- 
joying (1) and (2) of Lemma\^ Set Z = X \ Us and for any p g N consider the ho- 
momorphism H^\ij^ ■ H^^^ {X, X \ Us) — > {X, X \ Us). Then, since X\S and 
X \ Us are homotopically equivalent, we get a homomorphism : H^^^ {X, Z) — > 
HP {X, X\S), because the groups HP {X, X \ S) and HP {X, X\Us) are isomor- 
phic. 

An easy verification shows that the following properties of complex analytic 
varieties hold. For the necessary background, refer to JVlu . 

Remark 12. Let X be a complex analytic variety of complex dimension n and T 
a triangulation of X compatible with Sing{X). 

(1) The pair {X, Sing{X)) is a relative homology 2n-manifold (cp. [Mu| J. 

(2) Lf X is also irreducible, then [X, Sing{X)) is a relative pseudo 2n-manifold, 
X is the closure of the union of the 2n-simplices o/T, any {2n— 1) simplex 
is a face of exactly two 2n-simplices of T and the 2n-simplices ofT can be 
coherently oriented (cp. {Mm ). 

(3) If X is a compact and irreducible, then (X, Sing{X)) is an orientable rel- 
ative pseudo 2n-manifold, the groups H2n{X) and H2n{X, Sing{X)) are 
isomorphic and the 2n- dimensional simplices of {X, T) can be oriented in 
such a way that their sum is a non vanishing cycle. Moreover, such a .sum 
is indipendent of the chosen triangulation (cp. Remark \10\) . The class [X] 
represented by such a cycle is the fundamental class of X (cp. |Muj ). 



We have the following theorem. 
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Theorem 4. Let X be a compact irreducible complex analytic variety of complex 
dimension n. If UJ (z Text{-^'^"T* X) be such that duj = 0, then the number 

(4-17) Jj^jM^/^o; 

is well defined. J j^^j [lu] is the integral of [lu] on [X] . 

Proof (Sketch). The wanted result follows from (|4.15p . Indeed, {X, Sing (X)) is an 
orientable relative pseudomanifold of real dimension 2n (cp. Remark [T2|) . □ 

As a matter of notations, if Z = 0, we omit to write the subscript Z everywhere 
it should appear. The next remark concerns the injectivity of homomorphisms of 
integration. 

Remark 13. Let X be an abstract finite dimensional complex analytic variety and 
p G N. Then HP : H^^^ {X) — > {X) is generally not injective. 

Indeed, let X be as in Example O Shrinking the neighborhood B of in C, if 
necessary, we can assume that X is topologically contractible (cp. |Go-Maj ]. So, 
(X) = 0. Then : H^^t (X) {X) is not injective, because H^^t (X) ^ 

(cp. Example\^. 

The following proposition concerns the surjectivity of homomorphisms of inte- 
gration. For the necessary background in algebraic topology, see |Muj . 

Proposition 6. Let X be an abstract finite dimensional complex analytic variety. 
Fix p e N. Then HP : H^^^ (X) HP (X) is surjective. 

Proof. Let T be a triangulation of X and c e (X) be a p-cocycle. We look for a 
closed extendable p-form lUc G Text{^^T*X') such that [c]^p(x) = Hp^oJcIh" (x))- 
Let V(T) be the open covering of X by the open stars of vertices of T. The 
nerve 7V(V(T)) of such a covering is an abstract simplicial complex. Moreover, 
the vertex correspondence Cq (X) 9 A° i-^ St{A'^) G iV(V(T)) is an isomorphism 
between (X,T) and iV(V(T)) (cp. [Mu]> Theorem 73.2). Then to any p-cocycle 
c G {X) corresponds a unique cocycle Cc G Cp{N{V{T))). Furthermore, by the 
very definition of CP{N{V{T))), we have Cp{N(V(T))) = C^(X, V) (see (l3TT]) l. 

Let HP (X) be the p*'* Cech cohomology group of X (see |Muj . Ch. 8, Sec. 
73). Let T be so fine that HP{X, N{V{T))) is isomorphic to HP (X) and let B be 
an open covering of X enjoying (2) of Lemma [Hand refining V(T). Let {Pfj}f3e'B 
be an extendable partition of unity subordinated to B and : K{X,V{T)) — > 
^ext{S>r£f>!-^^T* X') the chain map associated with V(T), B and {p} (see Remark 
(2) of [9]). Then the closed extendable p-form uJc G rext{^^T*X') defined via the 
collating formula coc — (f>{cc) of Bott and Tu does the desired job (see |Bo-Tu| . Ch. 
II, See. 9, Proposition 9.8). □ 

4.3. Integration of extendable Cech cohomology classes. Let X be an ab- 
stract finite dimensional complex analytic variety, Z either the empty set or the 
closure of an open set that is also a polyhedron of X and V an open covering 
of X adapted to Z. Let r G N and consider the group homomorphism H^^ = 
H^z o (P")-i : Hl^^ {X,V,Vz)^ H"- {X, Z) (cp. Theorem [J). 

Let T be a triangulation of X compatible with Sing {X) and Z and consider 
the operator 77^ : Text{^''T* X)z Cj{X,Z). Let B = {B/^j/s^ts be a refinement 
of V enjoying (2) of Lemma [U {p} — {p^ : X Mj^gs an extendable partition 
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of unity subordinated to B and : K {X, V, Vz) ®reti^ext {A'^T*X)^ the chain 
map associated with V, B and {p} (cp. Remark [9] (2)). 
Let 

(4.18) fi^z ■■ Z:,t {X, V, ^o) ^ Zi {X, Z) 
denote the homomorphism defined by 

(4.19) fi^z ^Vz^ct, 

Then is induced by fy^. Indeed, for any oj G Z^^^ {X,V, Vz) it results 

{A.20)[fl'z{Lj)]H^(^X,Z) = [Vz ° (t'i'^)]H''{X,Z) = H''z[(t>{uj)]H-^^(X,Z) 

Definition 6. Let X be a complex analytic variety of complex dimension n and 

V = {Vo,Vi} an open covering of X . A honeycomb ceU system associated with V 
is a family TZ = {Rq, Ri} of subsets of X such that 

(1) For j G {0, 1} Rj is the closure of an n-dimensional complex analytic sub- 
variety of X with piecewise difjerentiable boundary. 

(2) It holds Ro C Vo and Ri C Vi 

(3) It holds RoURi=X and n 7?i = 

(4) Both dRo and dRi are a complete intersection and Rq H Ri is a variety of 
real dimension 2n — I with piecewise differentiable boundary. 

(5) fi(o,i) denotes the hypersuface Rq H Ri oriented in the following way: the 
orientation on ^(o,i) that one defined by the interior normal of Rq and 
by the exterior normal of Ri . 

(6) R{ifi) denotes the hypersuface Rq D Ri oriented in the following way: the 
orientation on 7?(i.o) is that one defined by the interior normal of Ri and 
by the exterior normal of Rq . 

We have the following remark. 

Remark 14. Let X be a complex analytic variety of finite dimension and V = 
{yo^Vi} an open covering of X . Then there exists a honeycomb cell system TZ = 
{Ro, Ri} associated with V. Indeed, every analytic variety X admits a triangulation 
such that each simplex of it corresponds to an analytic subvariety of X ( see |Lo| 
and pdj ). So, the existence of a honeycomb cell system TZ associated to V can be 
deduced from Lemma^ 

Next, let X be an abstract finite dimensional complex analytic variety and Z 
either the empty set or the closure of an open set that is also a polyhedron of X. 
Let T be a triangulation of X compatible with Sing {X) and Z, take r G N and 
consider the (r — l)-skeleton Skel'''~^{X,T) of {X,T). In what follows we denote 
by ~ the homotopic equivalence. Let Zr-i be the closure of an open set of X that 
is a polyhedron of X such that Zr-i 3 SkeV'^ (X, T) and Zr-i ~ SkeF'^ {X, T). 
Set Z, ^ ZUZr-i. 

Let Vo be an open neighborhood of Z, such that Vo ^ Z, and Vi an open set 
of X such that Vi n Z. = and Vo U Vi = X. Set V = {Vb, Vi} and note that 

V is adapted to Z, . By Proposition [2l there exists an extendable partition of 
unity {p} = {pq : X ^ R, p^ : X ^ M.} subordinated to ,B = V. Moreover, by 
construction, for any A G it results Pi\dA = 0, because i9A C SkeF~^{X,T) C 
Z, C Vo. 
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Let TZ = {Rq,Ri} be a honeycomb cell system associated with V. Building Rq 
by means of very fine triangulations of X, we can assume without loss of generality 
that Rq ^ Z,, that Rq Z, and that for any A g it holds 



(4.21) A n i?(i,o) ~ 5A. 

So, the inclusions Z, C Rq C Vq are homotopic equivalences and Ri O Z, = 0, 
because i?i C Vi. 

Let </> be the chain map associated with V, B = V and {p} (cp. (2) of Remark 
HI). Take uj e Zl^t (X, Z) and let w = (wo, wi, cDoi) G Z^^t (X, V, Vb) be such that 
bj = (/)(tZ)). Namely, by dSZSl), 



(4.22) w = po'^o + Pii^i - rfPo ^ '^01- 

Since w £ Z^^f{X,Z) and a) € Z^^^ (X, V, Vq), we have ajj^- = and i^olz = 0. 
Moreover, dco = and Duj = 0. The latter is 

(4.23) {duJo,dLJi,dLJoi - LJolv^g ,^ +uJl\v^oA)) ^ i*^, 0, 0). 

In what follows, with slight abuses of notations, for any A e Cj {X, Z) we write 
A G A + Cp (Z). In the above situation, the integral of w e Z^^^ {X, Z) over an 
element A G Cj {X, Z) can be written in terms of the integrals of the components 
of G Z'^^^ (X, V, Vb) such that lo = 4>{<^)- Indeed, the image of oj via (cp- 
(|4T8)1 and (l4T9)l l is the map f)^(w) G (X, Z) that to any A G A + Cj {Z) 
associates the number 

(4.24) 77^(tio, til, woi)(A) = /^^^^ tio + /Anfli ^ I AnR^,.o) '^o^ 
In order to prove (|418)) . recall (|4?24)) . Then 

(4.25) ^^z(^)(A) = ry^^ ° </'('^)(A) = /a+cJ(Z) '/'(^) 
So, by 623), 

'7zM(A) = /(A+cT(z))ni?,o(^o'^o + ^I'^i) + /(A+cT(z))ni?,i (Po'^o + Pi^i) + 

+ /(A+CT(Z))nflo ^ '^Ol ^ /(A+CT(Z))nfli ^^0 ^ '^01 

= /(A+cT(z))nfl,o(^o'^o + ^I'^i) + /(A+cT(z))ni?,i (Po'^o + Pii^i) + 
(4-26) +/(^_^pT(^)^^^^(d(pi(ioi) -Pi^woi) + 

~ /(A+cT(z))niii (^(^o'^oi) - PadiMQi) 

Thm. m dill = /(A+CT(Z))ni?o(^0'^O + Pi'io) +/(A+cT(Z))ni?i(^0'^l + 
+ I di{A+CJ{Z))nRo) - I d((A+CJ{Z))nRi) 
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Then, by K2^ . 

fiz{Lo){A) = /(A+cT(z))n/?o'^o + /(A+cT(z))nfli'^i + 

+ I d({A+cj{z))nRo) Pi^oi - /a((A+cT(z))ni?i) Po^oi 

(1) ^ /(A+cT(z))nflo '^0 /(A+cT(z))nfli '^1 + 

('^■2'^) + /aA+Anfl(o,i)+S^_i(Z)ni?,o ^I'^oi + 

- /Ani?(i,o) ^o'^oi 

(2) = /(A+cT(z))n/?.o '^0 + /(A+cj(z))ni?.i '^1 + 

+ /Ani?(o,i) Pi^oi - /Anfl.(i,o) '^o'^oi 

(3) = /(A+cT(z))ni?.o '^0 /(A+cT(z))nfli '^1 

-/Ani?(i,o)'^oi' 

with (Z) = aCj (Z). Indeed, (1) follows from d{A n i?o) = + A n R^qs), 
d{A n = A n R(ifi) and i?i n Z = 0, (2) follows from Pi\skei--->-{x.i} = and 
Bj_^ {Z) C S'fcer-iix,!), (3) follows from i?(o,i) = -i?(i^o), Po + Pi = 1- 

Actually, the last term of (|4.27p is independent of the choice of the representative 
of A e A + (Z). Indeed, if T e (Z), then T n i?o C Z and T n i?i = 0.So, 
IrnRo '^0 + /rnfii '^i' because tioU = 0- Then ((i7T5)) follows from (|i??7|) 
and we are done. 

Next, is independent of the chosen honeycomb cell system TZ associated with 
V. In fact, by (|4.19p . ffz — ''Iz ° 't> and the right hand side does not depend on 
the choice of TZ. Furhtermore, ff^ is independent of the partition of unity {po;Pi} 
subordinated to V. In fact, take into account ()4.18|) and note that its right hand 
side does not depend on {pq, p{\. 

As a note, for any oj & Z^^^ {X, Z) and A e A + (Z) it results 

(4-28) /a ^ = /Anflo ^0 + /Anfli '^i - I AnR,,,,, '^oi, 

because of 77^(tj)(A) = 77^ o 0(ti)(A) = 77^(tj)(A) (see (|4J9| V 

Remark 15. The explicit expression lji4-24\ ) of ff^ is strongly related to properties 
ofTZ. Indeed, the hypotheses RqDZ, and ^4^21^ have been given in order to achieve 
Formula \4.24\ l- If TZ' is a honeycomb cell system associated with V that does not 
enjoy any particular property, then the explicit formula for ff^ associated with TZ' is, 
in general, more complicated than Formula \4-'M^ - For example, it can happen that 
the explicit expression of ff^ depends on the chosen partition of unity subordinated 
to V, even if ff^ is independent of it (cp. jSu 3| ). 

5. Vector bundles 

5.1. Extendable Chern classes. In the following, let K denote either C or R. 
Let X be an abstract finite dimensional complex analytic variety. Let E ^ X 
be a differentiable (holomorphic) K-vector bundle of rank e over X and C = 
{{Ai,ni,Ui,Wi,Fi)}i^L an atlas of X trivializing E. Then for each I £ L there 
is a differentiable (holomorphic) real (complex) vector bundle Ei Ui of rank 
e such that E\ai — (Fi)* {Ei\wi) ■ For this, just to take the trivial bundle Ei = 
UixK" ^ Ui. 
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In what follows, we will consider E\x' X' as an ^-extendable bundle, with £ 
the sheaf of germs of differentiable sections of E (see Example [1]). If this is the case, 
then C = {Ai\i(zL^ the atlas trivializing E, is associated with E\x' (cp. Remark 
[Ij. Shrinking the open sets of C, if necessary, we get the following commutative 
diagram 

{C^^r%. - Cg=„,(C"sK^)|c/, - 
i i 
(5.1) {{CfY^A,)i - - 

i i 


that improves (|2.2p (cp. Notation [1]) . 

Recah that for any N,N*,p£n the bundle TX'®^ ®T* X'®^' ®ApT*X'®E\x' 
is {Sn,n* <Xi 5p (g) f) -extendable (cp. Example [21). 

Definition 7. Let X be an abstract finite dimensional complex analytic vari- 
ety and E ^ X a differentiable (holomorphic) K-vector bundle on X of rank 
e. An extendable linear connection for E is a "K-linear map V : Text{E\x') 
Te.xt{T^*X' (g) E\x') such that V/ G T^xtiiX x K)\x') and Vs G Text{E\x') it holds 
V(/s) = df (g) s + fVs. 

Let X be an abstract complex analytic variety of complex dimension n, E ^ X 
a differentiable (holomorphic) real (complex) vector bundle of rank e over X and V 
an extendable connection for E. If C = is an atlas of X trivializing E that 

is also associated with T^^X', then for any I G L there exists a linear connection 
'V : r{Ei) r{T'^*Ui (g) El) for Ei such that VU; = (F;U;)*('V). Note that the 
connection forms of V with respect to any given extendable frames of and 
T^^X'Ia'^ are extendable differential forms. 

For this, let (9) = (9i, 9„) and (e) — (ei^ e^) be extendable frames 
of T^^X'l^j and, respectively, E\a>^. The connection forms {9ap)a.i3 of Vj^j with 
respect to {&) and (e) are defined by Ve^ = X]/3 ® ^P- Now, let (d) = {di, 
dn) and (e) — (ei^ Se) be frames oiT^Ui and, respectively, Ei extending (9) and, 
respectively, (e) (cp. (12. 7p and ()5.ip ). Then for any t g {l,..,n}, v g {!,..., e} we 
have 9t = (-F)U;)*(c^t) and e^, — (F;|^j)*(e^). Denote by {9ap)a.,i3 the connection 
forms of 'V with respect to [d) and (e) and recall that these forms are defined by 
'^ea = E/3^a/3<ge0- Then Oa^p = {Fi\A[)*{Oaf)) for any q,/? e 

Proposition 7. Let X be an abstract finite dimensional complex analytic variety 
and E X a differentiable (holomorphic) real (complex) vector bundle. Then there 
exists an extendable linear connection V for E. 

Proof. Choose an extendable partition of unity subordinated to a suitable open 
covering of X and proceed as for the smooth case. □ 

Next, let X, E and V be as above. V induces the K-hnear map V : T f.xt{T^* X' g) 
E\x') Vext{J^^T^'-*X'g)E\x') which to any w(g)s € Vext{T^* X' g)E\x') associates 
V(w(g)s) = dio ® s — uj f\V s and then it is linearly extended. The map 
Yext{E\x') Text{^?T^'-*X' (g) E\x') defined by isr"^ = V o V is the curvature of 
V. As a note, for any / e TextiiX x K)|x') and for any s G Text{E\x') it results 
K^{fs) = fK^{s). So G Vext{J^^T^*X' g) E*\x' g) E\x'). In order to prove 
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that V and are well defined, use the classical, explicit, local expressions of V 
and K'^ , noting that the differential forms involved in such expressions with respect 
to any local extendable frame of E\x' and T'^X' are extendable (cp. |Su Ij . Ch. 
II, Sec. 7). 

Let n e N. For each 5 e {1, n} denote by e C[ti, t„] the g*'* elementary 
symmetric function in the n variables ii, and recall that Y,q is a polynomial 
of degree q. 

Let X be an abstract complex analytic variety of complex dimension n, E —t X 
a differentiable (holomorphic) complex vector bundle of rank e over X and V an 
extendable connection for E. Proceeding as for the smooth case, by using the 
curvature forms of V, that is the extendable forms locally representing K'^ ^ we can 
associate a global closed extendable form with any elementary symmetric function 
(cp. [Ko| . Ch. II, Sec. 2). Namely, let q e {!,...,«} and argue as in [Ko], Ch. II, 
Sec. 2 (see also jSu Ij . Ch. II, Sec. 7). The closed extendable 2q-iorTs\ associated 
with V and Eg and achieved in such a way is denoted by Sg(V) S T exti^^^'^T'^* X') . 

Next, we define the q^^ extendable Chern form associated with V as the extend- 
able differential 2g-form c«^t(V) e re^t(A29TC*X') given by c^^t(V) = (v^/27r)9E, 
For a local expression of Cgj.t(V) involving curvature forms of V, see (Ko) . (2.13). 
Note that Cg3,((V) is real. Moreover, since it is closed, Cg^t(V) represents an ex- 
tendable cohomology class [Cgj.t(V)] G h11^{X). 

As in the smooth case, such a class is independent of the choice of the connection 
V of E. Indeed, if V/, V// are extendable linear connections for E, then there exists 
cLt(V/,V//) e re.t(A29-iT*X) such that cLt(V//,V/) = -cLt(V/,V//) and 
dclxti^i.^n) = cl^ti^ii) - c«^t(V/). In fact, for the existence of c^^j(V/, V//), 
proceed as for the classical case. The extensibility of cl^tC^i, V//) follows from its 
explicit, local expression where only extendable differentiable forms are involved 
(cp. [Koj, Ch. II, Sec. 2, p. 38). Cgj.t(V/, V//) is the extendable Bott difference 
form with respect to cl^^^V j) and cl^f{\'ii). 

The extendable cohomology class cl^f{E) e iJg^j(Ar) defined by 

(5.2) cL*(i?) = [cLt(V)] 

is the q*^ extendable Chern class of E. Set c'^^^{E) = 1. The class Cext{E) G 
©^'^]^_ffg^j(Ar) defined by Cext{E) = X)q=o ''ea:* (^) total extendable Chern 

class of E. 

Remark 16. Let X be a complex analytic variety of complex dimension n, E X 
a differentiable (holomorphic) complex vector bundle of rank e and C = {y4;};gL 
an atlas of X associated with X^T'^* X' ® E\x' for any p G N. Fix I G L and 
{0,...,n}. 

(1) Let V be an extendable linear connection for E and 'V a linear connection 
for El such that VU; = {Fi\a[)* {'V)- Then cLt(V) € T.xti^^'^T'^* X') is 
completely extended on Ai by the g'^ differentiable Chern form c^jy('V) € 
T{K^iT^*Ui). 

(2) Let V/, V// be extendable linear connections for E and 'V/, 'V// lin- 
ear connections for Ei such that V/|^' = (fi|A')*('^/) ^'^'^ Vj/lyi' = 
(-FzU;)*('V/7). Then cl^t{\/i,Wn) e vlxtiK^'^-^T^* X') is completely ex- 
tended on Ai by the Bott difference form c^.^('V/,' V//) £ T{K^'i-^T^*Ui). 

The following observation is a consequence of Theorem [1] and Remark 1161 



30 



CARLO PERRONE 



Remark 17. Let X be an abstract n- dimensional complex analytic variety, E X 
a differentiable (holomorphic) complex vector bundle of rank e and V — {Vb, Vi} an 
open covering of X . Let Vq andVi be extendable linear connections for E\vo — > Vq 
and, respectively, E\vi Vi. Fix q € {0, ...,n} with q < e and consider the class 

(5.3) cl,,iE) = P'^^icl.iE)) G H'j,iX,V). 

(see Section\3lE). The definition of P^''* : hIIi{X) H^^t{X,V) implies that 
cl,j.f{E) G H^1^{X,V) is represented by the cocycle 

(5.4) cLt(V.) = (cLt(Vo), cLt(Vi), cLt(Vo, Vi)). 

The following remark is in order. 

Remark 18. The construction of extendable Chern classes can be extended to 
more general cases we do not deal with in this paper. As an example, let X be an 
abstract finite dimensional complex analytic variety and E' — > X' an Se' -extendable 
differentiable (holomorphic ) complex vector bundle over the regular part of X . If 
the coherent sheaf Se' associated with E' admits a finite resolution 

£m ■■■ ^ £o ^ Se' 

by locally free sheaves Sq, £rn of Cx -'modules over X, then we can define the total 
extendable Chern class Cext{E') of E' by setting Cext{E') = ntG{o,...,m} Cext(^^<,)*'""^-' , 
with E^ the vector bundle associated with 

Now, we consider the relative case. 

Let X be a complex analytic variety of complex dimension n, Z the closure of a 
non empty open set that is also a polyhedron of X and £' — > X be a differentiable 
(holomorphic) complex vector bundle of rank e. Let T be a triangulation of X 
compatible with Sing [X) and Z and q€ {0, n}. Set r = e — q + 1 and consider 
the {2q - l)-skeleton Skef''-^{X,T) of (X,T). Let ^2,-1 be a polyhedron of X 
that is the closure of an open set and that is such that Z^q-i 5 SkeP'^~^ {X, T) and 
Z2q-i ~ SkePi'^ {X, T). Set Z, = Z2q-\ U Z and let Vz be an open neighborhood 
of such that ~ Z, . 

Let s^*"^ be a differentiable r-section of E whose restriction at Vz is an r-frame. If 
V is an extendable linear connection for E that is s^''-' -trivial on Vz, then the g*'* ex- 
tendable Chern form c^^i(V) vanishes on Vz- Namely, cl^^{y) € T^^ti^^''T^*X')z. 
To indicate this fact, we write cl^f{V ,s^^^) instead of cl^^iV). So, [cl^f{V , s'^^^)] £ 
h11^{X)z- Moreover, if V' is another extendable linear connection for E that is 
s('')-trivial on Vz, then [cl^^{V , s^'''>)] = [c^^t(V, s^''^)] as classes in hII^{X)z. So, 
[Cg^j(V, s^''))] G H^^^{X)z does not depend on the choice of the extendable hnear 
connection V that is s*^'') -trivial on Vz- To prove this, proceed as in [Su 1| . Ch. Ill, 
Sec. 3. The class cl^f{E, s'^^^) — [Cg^-^CV, s'-'"-')] is the localization outside Z with 
respect to s^^^ of cl^^{E). Note that, as a relative class, [Cg^t(V, s'""^)] depends on 
the frame s^'') (cp. [glTT] . Ch. Ill, Sec. 3). 

Let X, Z, E ^ X, q, r, T, Za^-i, Z„ Vz and s^'') be as above. Set Vq = Vz 
and let Vi be an open set in X such that Vi D Z, — (d and Vo U Vi = X. Then the 
open covering V — {Vo,Vi} of X is adapted to Z, . 

Let Vo be an s*^''-' -trivial extendable linear connection for i^lvb Vq and Vi 
any extendable linear connection for E\vi — > Vi. By the s^'') -triviality of Vq , 
we get cLt(Vo) = 0. So, cLt(VO = (cLt(Vo), cLt(Vi), c«^t(Vo,Vi)) lies in 
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K'^{X,V,Vo) (cp. Subsection 13. 3p . In order to indicate this, write cl^f{V * , s'^^^) 
instead of cLt(V*). Then [cLt(V*, s^'))] e fffj^ (X, V, Vo)- Moreover, it can be 
proved that [Cg^t(V*, s^''^)] does not depend on both the choices of the s('')-trivial 
connection Vo and of the connection Vi (cp. [Su 1| . Ch. Ill, Sec. 3). 

The class cl^t{E, s^'^)) = [c^^t(V*, s^''')] £ Hllt{X, V, Vq) is called the localization 
outside Z with respect to s'-'"' of c'j,^^{E). As a reason for this name, note that 
cL*(i?, s^')) is the image of cl,,{E, s^^)) via P^?* : hII^ (X, Z) ^ Ul^, [X, V, Vo). 
Note that, as a relative class, [Cg2.((V*, s^'"))] depends on the frame s^^K 

Next, we wish to study the following case. 

Let X be a complex analytic variety of complex dimension n and E ^ X he 
a holomorphic complex vector bundle of rank e. Take q G {0, ...,n} and set r = 
e ~ q + 1. Let be s^^^ a holomorphic r-section of E and denote by S its singular 
locus. Since s'-''-* is holomorphic, S" is a closed complex analytic subvariety of X . 
Furthermore, S" is a polyhedron of X. 

Now, suppose that S is compact and let Us be an open neighborhood of S" in X 
enjoying (1) and (2) of Lemma [51 We can assume without loss of generality that 
the closure Us of Us is also compact. Set Z = X \ Us and note that the restriction 
^''^^\x\Us of ^^^^ aA, X \Us is an r-frame, because X \ Us Q X \ S. In the above 
situation, both c^^,(£:, s^) e Hllt{X)z and cl^^{E , s^^-^) G Hlli{X,V,Vz), the 
localizations outside Z with respect to s*^''-' of c1^f{E), are called localization at S 
with respect to s*^''-' of cl^^{E). 

5.2. The homomorphisms and A*g f.. Let X be a compact irreducible com- 
plex analytic variety of complex dimension n and [X] the fundamental class of X 
(cp. Remark [T^ . For each k g {0, ...,2n} the cap product with [X] induces a 
homomorphism P^. : {X) H2n-k {X) called the k-Poincare homomorphism. 
Namely, PI ([c]) = [c] n [X] for any [c] e {X). 

Let X be a compact irreducible complex analytic variety of complex dimension 
n. If T is a finite triangulation of X compatible with Sing[X) and if an orientation 
of (X, T) is already given, then it can be proved that P^. is induced by 

P,: C!^,{X) ^ CJ„_,(X) 
(5.5) c ^ Pk (c) = EAeT.„_, c(A) A , 

where T' is the first barycentric subdivision of T, T* is the dual block decomposition 
of (X,T) and A denotes the dual block of A € T2„_fc (cp. [Mu], Ch. 8, Sec. 64). 

Let X be a irreducible complex analytic variety of complex dimension n, S* a 
closed compact analytic subvariety of X and T a finite triangulation of X compatible 
with Sing {X) and S. If c S Cj, {X, X \ S') is a fc-cochain relative to {X, X \ S), 
then in a sum as in (|5.5p only appear the simplices in S. Namely, 

(5-6) EAeT.„_.:AC5c(A) A 

Such a finite sum induces a homomorphism Ag j. : H'' (X,X \ S) ^ H2n-k (S) 
called the {S, k)- Alexander- Lefschetz homomorphism. 

The following proposition is a direct consequence of the constructions of Pk and 
A*s,k (cp. [Mu])- 

Proposition 8. Let X be a compact irriducible complex analytic variety of dimen- 
sion n and S a compact analytic subvariety of X . Let k € {0, ...,27i}. Then the 
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following diagram is commutative 

H''{X,X\S) ^ H'^iX) 

H2n-k (S) H2n-k {X) 

5.3. Topological Chern classes. We briefly recall the construction of topological 
Chern classes for continuous complex vector bundles (cp. [St]). 

Take e S N, let r G N be such that r < e and denote by Wr(C'^) the complex 
Stiefel manifold of r-frames. Recall that Wr(C^) is (2e — 2r')-connected and that 
'^2e-2r+i{Wr{C^)) — Z has a Canonical generator ^ (cfr. [St], 25.7). 

Definition 8. Let X be a finite dimensional complex analytic variety, Y C X a 
subset of X and E —t X a continuous complex vector bundle of rank e. 

An r-section oi E ^ X owY is an ordered family s^''-' = (si, Sr) of r contin- 
uous sections of E ~f X over Y. A singular point of s^^^ — (si, ...,Sr) is a point 
where the sections si, Sr fail to be linearly independent over C. An r-frame 
(frame) of i? ^ X on K is o non-singular r-section (e-section) over Y . 

Let X be a finite dimensional complex analytic variety, E X a continuous 
complex vector bundle of rank e and Wr{E) the continuous bundle of complex r- 
frames of E over X. Recall that Wr{E) is a bundle associated with E whose fibre 
Wr{Ex) over a point x G X is homeomorphic to Wr{C^). 

Set q — e ~ r + 1 and note that 2e — 2r + 1 — 2q ^ I. The primary obstruction to 
constructing a section of Wr{E) is the g*'' topological Chern class c"^ {E) of E. A 
priori this class is defined in the cohomology with local coefficients system formed 
by ■7r2q-i{Wr{Ex)). But, since the group of transformations of ^ X is the unitary 
group, that is arcwise connected, this system is in fact trivial (cp. [St], 30.4). Then 
the obstruction class {E) lies in the integral cohomology group if^^ (X). 

Next, we introduce the notion of index of an r-section at its singular point. 

Let U be an open set in X such that E\ij is trivial and k : UxWr (C^) Wr {C^) 
the projection on the second factor. Let -B^' C C/ be a suitably oriented ball of 
dimension 2q inU, p G B'^'^ be a point in the interior of B^'^ and S^''~^ the boundary 
of B^'^. As a note, S'^''~^ is an oriented (2g — l)-sphere. If s*^''^ is an r-section of 
E on & neighborhood of B^'' in U and p is an isolated singularity of s'-'"', then the 
map 

given hy ip = K o s^^^ is well defined. 

By the very definition of homotopy groups, the map ip determines an element 
in 7r2e-2r+i(W^r(C'^)). Furthermore, since n2e-2r+i{Wr{C'^j) — Z ^, there exists an 
integer I{E\b2<i,s^-^\p) £ Z such that 

(5.7) ^P^I{E\B2,,s^^\p)<;. 

Such an integer is the index of the r-section s^^^ of E X at the point p. 

Let X be a finite dimensional complex analytic variety, E X a continuous 
complex vector bundle and T a triangulation of X. We try to construct an r-frame 
of -E, that is a section of Wr (E), on each skeleton of T inductively from the skeleton 
of dimension 0. 
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First of all, it is always possible to construct a section s*^''^ of Wr {E) over 
Skel° (X,T). 

Next, if A/i e Th is contained in an open set U oi X trivializing Wr{E) and an 
r-section s^''^ is given on d/S.}^, then there is a well defined map k o s^"") : S'^'^~^ 
Wr[E)\u ~U X WriC^) WriC) that determines an element in 7r^_i(PK-(C^)), 
because dAh is homeomorphic to a (2h — l)-sphere S^^"^ . Then, by the very 
definition of homotopy groups, if /i < 2g — 1 = 2e — 2r + 1, the section s*^''^ can be 
extended to a continuous r-section defined on the interior of A/i, because for any 
/i e N such that /i < 2e - 2r + 1 it resuhs 7r,,_i(W,.(C'=)) = 0. 

Iterating this process, we reach an obstruction for h — 2q. Namely, the r-frame 
s'''^ can be extended to an r-section on a suitably small G with at most 
a singularity at an interior point p of A and the measure of such an obstruction is 
given by the index I{E\a, s^^\p) of s^*"' at p. So, up to choose a pA in the interior of 
any A e ¥2,, we may define a cochain F^' S Cy'{X) associated with s*^''^. Namely, 
r^'^ is the cochain whose value at A e T2q is 

(5.8) r^''(A)=/(i?|A,sM,PA) 

and then it is extended by linearity. It can be proved that F^'' is a cocycle and that 
the cohomology class represented by F^'^ is independent of all the choices made in 
the definition (cp. [St]). 

The class identified by F^'^ is denoted by cj^piE) e H'^'^{X) and it is called the 
g*'* topological Chern class of E ^ X. The class ctop{E) = J2q=o '^topi-^^) : with 
Cfgp{E) = 1, is the total topological Chern class Ctop{E) of E ~> X. As a note, 
ctop{E) is an invertible element of the cohomology ring (DrefiH^ {-^)- 

Remark 19. Let X be a compact irreducible complex analytic variety of complex 
dimension n, T a finite triangulation of X and q G {0,...,n}. Then, by i f5.5|) . the 
class P2q{clgp{E)) G i?2n-2q {X) is represented by the cycle 

(5.9) EAeT.„_./(^lA,sW,PA) A. 

We need observations about the localization of topological Chern classes. 

Let X be a complex analytic variety of complex dimension n, Z a polyhedron of 
X that is the closure of a non empty open set and E ^ X a continuous complex 
vector bundle of rank e. Let T be a triangulation of X compatible with Z and 
Sing{X) and consider Z as a closed subcomplex of {X,T). 

Let q € {0, ...,n} and set r = e — q+1. If s^''^ is a continuous r-section of E ^ X 
whose restriction at Z is an r-framc, then IiE\/y^, s^'^\pa) = for any A S T2q 
contained in Z. So, in this case, the cocycle F^'' e C^'' (X) representing c^^p^E) 
lies in C^"^ {X,Z) and it represents a class cl^pi^E , s^-^^) G i/^? {X,Z). The class 
cfgp{E,s'-^^) is the localization outside Z with respect to s^-^^ of c1^p{E). Indeed, 
the image of c?„p(£;, s^*^)) via the map j* : i?^? (X, Z) H^^ {X) induced by the 
inclusion j : {X, 0) ^ {X, Z) is c^Qp {E)- Note that, as a relative class, c^^pi^E^ 5^^-*) 
depends on the frame s^"^^ (cp. [St]). 

Next, we study the following case (see the end of Subsection l5.1|) . 

Let X be a complex analytic variety of complex dimension n and E ^ X he a 
continuous complex vector bundle of rank e. Take q G {0, n} and set r = e—q+1. 
Let be s^''^ a continuous r-section of E and denote by S its singular locus. Suppose 
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that S* is a closed complex analytic subvariety of X and note that, in this case, S 
is a polyhedron of X. 

Now, suppose that S is compact. Let Us be an open neighborhood of S enjoying 
(1) and (2) of Remark [5] and such that its closure Us is also compact. Set Z — X\Us 
and note that the restriction of s*^'"'' at Z is an r-frame, because Z d X \ S . In 
the above situation, c1qp{E, s^^'^) S H-^'^{X,Z), the localization outside Z with 
respect to s^""^ of cfgp{E), is called localization at S with respect to s^^^ of c1gp{E). 
Furthermore, since {X,Z) ^ {X,X \ S), c1^p{E, s^-^^) corresponds to a class in 
H^i{X,X\ S), still denoted by cj^p{E, s^*^)). 

Definition 9. Let X be an irreducible complex analytic variety of complex dimen- 
sion n and E X a continuous complex vector bundle of rank e. Take q S {0, n} 
with q < e and set r = e — q + 1. Let s^^"^ be a continuous r -section of E ^ X 
and S its singular locus. Suppose that S is a closed compact complex analytic sub- 
variety of X . The topological residue of s^^^ for c^^p{E) at S is the homology class 
TopReSfji {E,s'-^\S) G H2n-2q{S) defined by 

(5.10) TopRes,.jE,s^^\S) = A^^iclpiE, s^^^)) 
We have the following remark (cp. Proposition [5]). 

Remark 20. Let X be a compact irreducible complex analytic variety of complex 
dimension n and E ^ X a continuous complex vector bundle of rank e. Take 
q G {0, n} with q < e and set r — e — q -\- 1. Let s^''-' be a continuous r-section 
of E X and S its singular locus. Suppose that S is a closed compact complex 
analytic subvariety of X . Then, by Proposition\^ 

(5.11) i4TopRes,.JE,s'-^\S)) = P*,^ {clp{E)) 

By (|5.9p and (|5.6p . TopRes^'i {E, s'^^\ S) is represented by the cycle 

(5-12) EAeT.„_.,:AcS^(^lA,5('^\pA) A 

If S has a finite number of connected components {5'y}i/g{i,...,Ar}, then, corre- 
spondingly to the decomposition H2n~2q{S) = ®v£{i,...,N}H2n-2q{Sy), for any 
u e {1, N} we get the residue TopReSc^^^{E, s^^\S^). 

5.4. Localization of differentiable Chern classes. We consider the localization 
of differentiable Chern classes of a smooth complex vector bundle defined over a 
manifold, assuming that the construction of such classes is already familiar to the 
reader. For the necessary background of differential geometry, refer to [Su 1]. 

Let M be an oriented differentiable manifold of real dimension m. Then M is a 
triangulable space. From now on, suppose that a triangulation T of M is already 
given and still denote by M the simplicial complex associated with AI and T. As 
a matter of notations, let 5 be a subcomplex of M and k e {0, m}. The k*^ de 
Rham cohomology group of M and the k*^ de Rham cohomology group relative to 
(M, M\S) are denoted by H^ji{M) and, respectively, H'^ji^M, M \ S). Recall that 
hI\{M) ~ ij2'?(M) and ^r^|.(M, M \ S) ~ H^i{M, M\S). 

Let £^ ^ M be a differentiable complex vector bundle of rank e over M and 
for each q G {0, [f ]} denote by c%^{E) e H^U^) the q*'* differentiable Chern 
class of E. 
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Next, take r e {0, ...,e} and let q e {0, [^1} be such that q > e - r + 1. 
Let 5 be a subcomplex of M. If s'''^ is a differentiable r-section of i? — > M 
whose restriction at M \ S* is an r-frame, then there exists a cohomology class 
c^j^(_E, s^""^) G i?^^(M, Af \ S) called the localization at S with respect to s^*"-* of 

To prove this, set i^o = M \ S and let Di be an open neighborhood of S such 
that Di ~ S". Then 2? = {Dq,Di} is an open covering of M. Let Vq, Vi be 
differentiable linear connections for i^lco ^ and, respectively, E\oi — » -Di and 
consider the Cech-de Rham cocycle c^j^(V*) = (c^jj:(Vo), c|^i/(Vi), Cdi/(^0'^i)) 
representing c'^^j^E). Now, if Vq is s^^'^-trivial, then c^ij^(Vo) = and c^iy(V*) 
represents a cohomology class [c^jy(V*, s^''-')] € H^'^{M, M \ S). It can be proved 
that [c^-j(V*, s^''^)] does not depend on the choices of both Vi and Vq that is 
s('-'-trivial (cp. [SuT] . Ch. Ill, Sec. 3). The class c^.^(£;,sM) G H^l{M,M\S) 
is defined by c«,,/£;,sM) = [c«,^(V*, s^)]. As a note, = c^^/£;), 

with j* : H^l{M,M\ S) -> Hf^{M) induced by the inclusion j : (M,0) ^ 
(M, M \ 5). Notice that, as a relative class, c'^^^{E, s^''-') depends on the frame s*^''-' 
(cp. [SuTl . Ch. Ill, Sec. 3). 

Now, suppose that S is also compact. Let {5'i/},yg{i^...^jv} be the finite set 
of connected components of S and consider the {S, 2g)-Alexander-Lefschetz du- 
ality A^, 2g : H'^''{M,M\S) ^ (B^e{h...M}Hm-2q{S^). For each f e {!,..., TV} 
the differential geometric residue of s'""' for c'^^j: at is the homology class 
DifRes,.^Js'^''\E,S,) G Hm-2<i{S,) defined by 

(5.13) DifRes,.^^^{s^^\E, S,) = A^,2,(c^,/£;, s^)). 

In order to give a description of such a residue, let Do, Di be as above. For 
any v & {1, ...,iV} let be an open neighborhood of 5*1, in Di and i?^ an m- 
dimensional manifold with differentiable boundary such that C Ru C i?;/ C Dy. 
Assume that for any vi, vi e {1, iV} such that v\ ^ vi it holds n D^^ = 0- 
Then the residue DifReSf.i^^{s''^\E,Sv) is represented by an (to — 2(7)-cycle 

in 5*1. such that for any closed differentiable (m — 2q)-iovu\ t e r(A™~^T*_Dj^) it 
holds 

(5-14) /c„ ^ = /i?„(c^,/(Vi) A r) + /_3«^(4/(Vo, Vi) A r) 

If 2q = m, then the differential geometric residue can be identified with the complex 
number given by 

(5.15) DzfRes,^^^{s^^\E,S,) = /^_^ c2^^(Vi) + c2^^(Vo, Vi) 

= /fl„cS^/(Vi)-/afl,„cS^/(Vo,Vi) 

Next, let M and i? ^ M be as above. We give a topological interpretation of 
the residue in case the compact subset 5* of M is just a point p. Namely, S = {p}. 
In order to proceed, we need some definitions. Let zi, denote the complex 

coordinates on C™. Write 0(z) = dzi A ... A dzm and for each h g {1, ...,to} set 
Qh{z) = {—!)''' Zfi{dzi A ... A dzfi A ... A dz„i). The Bochner-Martinelli kernel on 
C" is (2m - l)-differential form /3„ ; C™ ^2m-ij,*^r,i defined by (3^{z) = 
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Let B^™ c M^" ~ C™ be a ball of real dimension 2m and E ^ D a difFer- 
entiable complex vector bundle of rank m defined on a open neighborhood D of 
B^™. Suppose there is a non vanishing differentiable section s oi E ^ D defined 
on an open neighborhood of the boundary S"^'""^ of B^''^. Suppose also that the s 
is defined on the whole of D with at most an isolated singularity at a point p in the 
interior of B^™. Indeed, this can be done, by dimensional reasons. Then, on one 
hand, we have the index I{E\b^>i, s,p) € Z (cp. (|5.7p ) and, on the other hand, we 
have DifReSc"^, ,(s,i?,p) £ Ho{p) ~ C, the differential geometric residue of s for 
cS^^atM. 

We claim that they are in fact the same number. To prove this, suppose 
that E D is trivial and let e^™) ~ (ei,...,e,„) be a frame oi E ^ D on 
D. Then s = X^hLi fh^h, with fh : I? — > C a differentiable function for any 
h E {1, m}. Then we have a differentiable map / = (/i, fm) ■ D that 
takes the value (0, ...,0) £ C™ only at p e B^"\ In the above situation it results 
DifReSc^^^{s,E,p) = /g2„,-i /*(/3,„)- So, in particular 

(5.16) DifRes,^^^ = I{E\b2,^ , s,p) 

(cp. [SFT] . Ch. Ill, Sec. 4). 

Now, we consider a more general case. Let B^"^ C M^™ ~ C™ be a ball of 
real dimension 2m and D a open neighborhood of B^™. Denote by S*^™^^ the 
boundary of B^m jt)/ open neighborhood of S''^'"^^. Let E ^ D 

be a differentiable complex vector bundle of rank e. Set r — e — m + 1 and let 
st"") = (si, Sr) be a differentiable r-section oi E ^ D with at most an isolated 
singularity at a point p in the interior of B^"^ and such that its restriction at D' is 
an r-frame. In fact, as before, this can be done for dimensional reasons. Let i € N 
be such that t < r, write s^*) — {si,...,St) and set s^''^*) = {st+i, Sr)- Suppose 
that s^*-* is non singular on the whole of D. So, s*-'^ generates a trivial complex 
vector bundle E^ ^ D oi rank t that is a subbundle of D. Suppose that 

E D is the trivial vector bundle. Then we have the following exact sequence 

^ E* ^ E ^ E, ^ 0, 

with Et ^ D a complex vector bundle of rank e — t. Denote by si^ *^ the (r — 
f)-section of — > D induced by s'^''~*\ Then si'^"*'' has at most an isolated 
singularity at p e B^"\ In the above situation it results 

(5.17) DifRes,,^^^^i.s<^''\E,p) = DifRes,^Jsi'-'\E„p) 
and 

(5.18) DifRes,^^^is^^\E,p)=I{E\B2^,s^^\p) 

Indeed, if i = r - 1, then (|5T8| follows from ((5?T6)) and (jSTf)) . For a proof of (ISTZ)) . 
refer to [guT] . Ch. Ill, Sec. 4. 

5.5. Topological and extendable Chern classes. We describe the topological 
Chern classes by means of the extendable Chern classes. 

Theorem 5. Let X be a complex analytic variety of complex dimension n and Z 
either the empty set or the closure of a non empty open set that is a polyhedron of 
X . Let E X be a differentiable (holomorphic) complex vector bundle of rank e. 
Take q £ {0, n} with q < e and set r = e — q + 1. 
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Let C = {Ai}i(^L be an atlas of X associated with KpT'^* X' ® E\x' for any 
p e N. Let T he a C-small triangulation of X compatible with Sing {X) and Z . Let 
Z2q-\ be a polyhedron of X which is the closure of an open set so that Z2q-i D 
SkePi-^ {X,T) and Z2q-i - SkeP'^-^ iX,T). Set Z, = Z^q-i U Z and let Vq be 
an open neighborhood of Z, such that Vq ^ Z, and such that for any A G T2q for 
which A <^ Z it holds A n Vq = A \ {pa} 7 where pA is the bary centre of A. 

Let s^^"^ be a differentiable (holomorphic) r-section of E whose restriction at Vq is 
an r-frame. Consider the localizations c1gp{E, s'-''-') and c1^^{E, s^'-*) outside Z <zVq 
with respect to s^'-* of c1gp{E) and, respectively, c'j,,j.f{E). Then 

clp{E,s^^-^)^Hl\cl,,{E,s^^))). 

Proof. Let Vi be an open set of X such that Vi n Z, = and Vq U Vi = X. Then 
the open covering V ~ {Vq, Vi} is adapted to Z, because Z Z, . 

Let Vo be an s'-'"' jy^ -trivial extendable linear conection for E\va and Vi an ex- 
tendable linear connection for Since Vq is s('")-trivial and r = e — (7+I, it 
results cLt(Vo) = 0. Then, by Z C Z„ the cocycle cLt(V*) = (cLt(Vo), cLt(Vi), 
cLt(Vo,Vi)) represents both cLt(i?,sW) G hII,{X,V,Vq) and cLt(i?,sW) e 
Hlli{X,Z). 

Let {pg, : X ^ E} be an extendable partition of unity subordinated to V. 
Then for any A e we have Pi\oA = 0, because 5A C SkeP'^"^ {X, T) C Z2q-i C 
Z, . Let TZ = {Rq, i?i} be a honeycomb cell system associated with V and suppose 
that Rq D Z,, that Rq ~ Z, and that for any A S T2q it holds i?(i,o) H A ~ dA. 
Then the inclusions Z, C i?o C Vq are homotopic equivalences. 

Let F^' g Cj'^{X) be the cocycle associated with s^^^ and representing the class 
c'lgp{E) G H^'^{X). Such a cocycle is defined by assigning to each A e T25 the 

value tI^A) = L{E\a, s'^^'^pa) (cp. and dST])). Furthermore, F^' belongs to 

C^\X, Z) and it represents the class cl^p{E, s^''') e Z). Indeed, s^'^^jz is an 

r-frame. So, I{E\a, s'^^\pa) = for any A e such that A C Z (cp. Subsection 

EM- 

As a matter of notations, for any C E Cj^ {X) set C = C + Cj^ {Z). Consider the 
operator of integration Ty^' : Zll^{X,V,Vo) Z^''(X,Z) (cp. and gH])). 

We claim that for any A e T2q it results fj^^ {clJ{V = rT''(A). 

First of all, if T e C\ (Z), then 7)|''(c«^t(V*))(T) = (cp. Subsection HSl) . So, 
for any T G Cj^ (Z) it results 

(5.19) C''(cLt(V*))(T)=F^''(T), 

because F^'|(;;t (^-j = 0. 

Next, let A be any simplex in T2q. We claim that 

(5-20) UnR, cLt(Vi) - /Anfl„,o, cLt(Vo, Vi) - I{E\a, sW,pa) 

and this will be enough to conclude, because of the hypotheses on TZ (see ()4.24p 
and, more generally, Subsection l4.3p . 

To prove (|5.20p . we proceed locally. Take A e ¥2^ and let ^ e L be such that 
Ai D A. Let s'f'' be a differentiable r-section of Ei Ui extending s'''''|Ai on Ai. 
Let Vq be an S; -trivial differentiable linear connection for Ei extending Vq and 
'Vi a differentiable linear connection for Ei extending Vi. 
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As a matter of notations, write A, A n An R(i,o) and pA instead of Fi{A), 
Fi{A n Ri), Fi{A n i?(i,o)) and F/(pa). Then, by Proposition [5] and Remark [TBI it 
suffices to prove tfiat 

(5-21) hnn. 4/'Vi) - /^^^^^^^^ ^/'Vo,' V^) = I{E,U, s\^\pa) 

Actually, (I5.2ip follows from (|5.18p and (|5.f 5p . because Ui is a differentiable complex 
manifold. Then, by (jCT]) and (jOO)) . the cocycles ^|'(cLt(V*)) £ Cj\X,Z) and 
r^'' e C^''(A'.Z) coincide and we are done. □ 

If Z is empty, then the following theorem holds. 

Theorem 6. Let X he an abstract complex analytic variety of complex dimension 
n and E ^ X a differentiable (holomorphic) complex vector bundle of rank e. Take 
q G { 1 , . . . , n} with q < e. Then 

cl^{E)^H^'^{clAE)). 

As an application of Theorem O we prove an abstract residue theorem. For the 
necessary background on topological Chern classes and their residues, see |Su 3) . 
Ch. 1. 

Let X be a complex analytic variety of complex dimension n and _E — > AT a 
holomorphic complex vector bundle of rank e. Take q € {0, n} with q < e and 
set r = e — q + 1. Let s^'"' be a holomorphic r-section of E and denote by S its 
singular locus. Then S* is a closed complex analytic subvariety of X that is also a 
polyhedron of X. 

Suppose that S is compact and let Us be an open neighborhood of S in X enjoy- 
ing (1) and (2) of Lemma [5] such that its closure Us is also compact. Set Z = X\Us 
and let ct„p{E, s^''^) G H^i{X, Z) and cLt(^^, s^''^) € Hllti^, Z) be the localization 
at S with respect to s^''^ of cj^p^E) and, respectively, cl^f{E). Then, by Theo- 
remEl c1^p{E,s^''^) = B^^ {cl^t{E , s^''^ )) Furthermore, since (X, Z) - {X,X\S), 
cl^piE, e H^i{X, Z) corresponds to a class in X\S) still denoted by 

If X is compact and irriducible, then the following abstract residue theorem 
holds (see Proposition [5] and Remark EO)) . 

Theorem 7. (Residue theorem) Let X be a compact and irreducible complex 
analytic variety of complex dimension n and E ^ X a holomorphic complex vec- 
tor bundle of rank e. Take q € {0, ...,n} with q < e and set r — e — q + 1. 
Let s'-''^ be a holomorphic r-section of E and S the singular locus of s^'^\ Then 
i,{TopRes,,jE,s^-\S)) = Pl^oH^i{cl^,{E)). Ifq^n, then 

(5.22) t,{TopRes,^jE,s^^\S)) = J^^^c^,,{E) 

As a note, under the hypotheses of Theorem [71 using the notations employed at 
the end of the proof of Theorem [U the right hand side of (|5.22|) can be written as 
(5.23) 



/[X] '^extiE) = [EAeT.„ (/Anfli ^i) - /Ani?,(i,o) Vo, Vi) j pa 

In fact, follows from ([5^, because of (jST^ . (jOiH) and ((OT|) (cp. the proof 

of Theorem [5]). 
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5.6. Generalized Camacho-Sad index theorem. As a matter of notations, the 
stalk at a of a sheaf 5 ^ A is denoted by Sa ■ Let X be an abstract finite dimensional 
complex analytic variety. From now on, the sheaf of germs of holomorphic vector 
fields on X is denoted by TX instead of Ox{TX). For the necessary background 
about foliations, refer to [Br] and [Su 1| . Ch. VI, Sec. 6. 

Let X be an abstract complex analytic variety of complex dimension n and 

Y a complex analytic subvariety of X of complex dimension m < n such that 

Y ^ Sing{X). Set Y' = Y\ {{Sing{X) n y) U Sing{Y)). 

Let be a holomorphic foliation of X of rank k < m and write Sing{!F) = {x £ 
j^Reg . [^'Yx/T)x is locally free} U Sing{X). Then ^\x\Sing{y^) is the sheaf of 
holomorphic sections of a holomorphic vector bundle F over X \ Sing{!F). 

Suppose that Y is JF-invariant. Then the image of the sheaf homomorphism 
T ® Oy TX (g) Oy , still denoted by (g) Oy , is a holomorphic foliation of Y 
of rank k and (JF (g) C'y)|yncg is a possibly singular foliation of the manifold y^<^9. 
Consider the following exact sequence of sheaves — > J-®Ox — > TX®Ox 
Q ®Ok Oy 0, set S = {Sing{T) n F) U Sing{Y) and write Y" = Y \ S. Then 
{J-®Ox Cy)|y" is the sheaf of holomorphic sections of a holomorphic vector bundle. 
By Y" = y \ S* C y , we have the following diagram 
(5.24) 

^ {T®OxOy)\y-' ^ {rX®OxOY)\Y-' ^ {Q®OxOy)\y'- ^ 

i 

^ ry|y-. ^ {rx®oxOY)\Y" ^ NyW" -> o 

Remark 21. Let M he a complex manifold. For definitions and general results con- 
cerning partial connections for a complex vector bundle E — s- M , see |Ab-Br-To 2j 
and j Ba-Bo] . Let H C TM he an involutive holomorphic hundle. For definitions 
and results ahout H-hundles and (flat) holomorphic actions of H on a given holo- 
morphic vector hundle over M , refer to [Ab-Br-To 2j and |Ba-Bo) . 

Denote by TVy/ Y' the complex vector bundle associated with A/yly. Ny' 
is the normal bundle of Y' . It is known that Ny'\y" Y" is an (F|y")-vector 
bundle with respect to the map 

r: T{F\y")xT{Ny'\y") - r(7Vy,|y") 
^ ' if,s) ^ T(/,s)=7r([/, S]\y") 

where / and s are sections of T{TX\x\{Sing{3^)uSing(Y))) such that /|y" = / and, 
respectively, 7r(s|y//) = s. Furthermore, r is a flat holomorphic action of F\y" on 
7Vy'|y" (cp. [Ab-Br-To 2p . 

Let V be a linear connection of type (1,0) for A^y/|y// — > Y" extending the 
partial connection {Fy" © Ty|y//, r ® 9). Denote by K the curvature of V. Then 
for any symmetric homogeneous polynomial <f> G C[ii, of degree q € {m — 

k + l,...,m} it results ^{K) = 0. In particular, Cg^t(V) — c^jy(V) = for any 
g e {m - fc + 1, m} (cp. }Ab-Br-To 2) . Theorem 6.1). 

Suppose that Ny'\y" Y" is the restriction at Y" = y \ 5* of a holomorphic 
vector bundle iVy Y defined over the whole of Y. In this case, Ny\y' = Ny' = 
(TX^'=9|y/)/Ty'andso A^y|y" = iVy/|y//. Supposc that y is compact and globally 
irreducible. Then it is possible to localize some extendable Chern classes of Y 
around S. 

To prove this, let Vq be the open subset of Y defined as Vq = Y" — Y \ S. Let 
Vi be a neighborhood of S open in Y, homotopically equivalent to S and such that 
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Vi is compact. Set Z — Y \ Vi and suppose that both Vi and Z are polytopes with 
respect to a triangulation oi X. Then V = { Vb , } is an open covering of Y adapted 
to Z. Let Vo be a linear connection of type (1,0) for Ny'lvo ~^ extending the 
partial connection {Fy"(BTY\y" , t®9). Let Vi be an extendable linear connection 
for NY\v^ -> Vi. Takege {m-fc+l,...,m}. Thenc^^t(V*) ^ (cLt(Vo), cLt(Vi), 
cL«(Vo,Vi)) = (0, cLt(Vi), cLt(Vo,Vi)), because cLt(Vo) = cl^^i^o) - (cp. 
[Ab-Br-To 2|). So [cLt(V.)] S if^, (F, V, Fq)- 
Consider the following commutative diagram 

H'J,{Y,Z) ^ H^^{Y,Y\S) H2n-2qiS) 

(5.26) i i . 

denote by c1^^{Ny,T, Y\Z) ^ H^^f {Y, Z) the cohomology class corresponding to 
[cLt(V*)] e (r, V,l/o) and set i?es,,^^ (TVy , .F, 5) = (cLt(^r, ^, r\ 

Z)). 

Theorem 8. Let X be an abstract complex analytic variety of complex dimension 
n and Y a compact and globally irreducible complex analytic subvariety of X of 
complex dimension m < n such that Y ^ Sing(X). Let be a holomorphic 
foliation of X of rank k < m and suppose thatY is J^- invariant. Set S = {Sing{J-)r] 
Y) U Sing(Y) and write Y" ^ Y \ S . Let Ny Y be a holomorphic vector 
bundle on Y whose restriction at Y" coincides with the normal bundle of Y" . Then 
Pl,oH^'i{cl,^{NY)) = i.{Res,.jNY,J'.S)). Ifq^m, then 

(5.27) /[^] cT^tiNy) = (A^y , ^, 5)) 

We have the following remark. 

Remark 22. As an example of a complex vector bundle Ny — > Y enjoying the above 
hypotheses, consider the restriction at Y of the line bundle Ly — > X canonically 
associated with a Cartier divisor Y of the ambient variety X. Another class of 
examples is given by subvarieties Y of X which are defined as the zero locus of a 
section of a holomorphic vector bundle defined over the ambient variety X . The last 
example is similar to the construction for subvarieties of complex manifolds which 
are also strongly local complete intersection (cp. [Le-Suj j. 

Next, we give an explicit expression of i^{Res^i ^{NY,iF,S)) in a simple but 
fundamental case. Let X be an abstract complex analytic variety of complex di- 
mension 2 and y be a compact and globally irreducible Cartier divisor of X such 
that Y ^ Sing{X). Consider be the line bundle Ly X canonically associated 
with Y and let Ny ^ F be the restriction at Y of Ly. 

Let be a holomorphic foliation of rank 1 of X and suppose that Y is !F- 
invariant. Suppose that S = {Sing{J-) nY)U SingiY) is an isolated singular point 
p e SingiY) fl Sing{!F) n Sing{X) and that the stalk is generated on Ox,p by 
a single element of TXp. Write Y" = Y \ S and recall that Ny'\y" Y" is an 
(F|y//)-bundle with respect to the action r described in (|5.25p . 

Let Wi be a neighborhood of p open in X such that Wipy = {x ^ X : h{x) — 0}, 
where ft, is a local holomorphic definition function for Y defined on Wi . Denote by 
\) the non vanishing section of Ly\wi ~^ X\wi associated with h. Let Vi be the 
neighborhood of p open in Y defined by — Wi^^Y. Shrinking Wi, if necessary. 
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we can assume without loss of generality that Vi is topologically contractible and 
that its closure Vi is compact. Set Z ^ Y \ Vi and suppose that both Vi and Z are 
polyhedra with respect to a triangulation T of X compatible with Sing{X) U Y and 
such that p is in the interior of some 2-simplex of T. Shrinking Wi, if necessary, 
we can also assume that on Wi the foliation J- is generated by one holomorphic 
vector field F G TX. Indeed, the sheaf T is coherent and Tp is generated by only 
one element of TXp . 

Write Vq = Y \ {p} , set V = {Vo,Vi} and note that Z dVo. Let Vq be a hnear 
connection of type (1, 0) for Nylvo Vq extending the partial connection {Fy ® 
TF|y/, T®d). Let Vi be an f) | Vi -trivial extendable linear connection for Ny\vi 
V,. Then cLt(V,) = (cLt(Vo), cLt(Vi), cLt(Vo,Vi)) = (0 0, cL«(Vo, Vi))- 
Indeed, c^^t(Vo) = c^.^(Vo) = 0, because of Theorem 6.1 of [Ab-Br-To 2] . and 
Cgj.t(Vi) = 0, because Vi is -trivial. Let {po,Pi : F ^ R} be an extendable 
partition of unity subordinated to V and set V — Pq^q + PiVi. Then, by (|5.27p . 
(|iT7|) . and (11211), it resuhs 

(5.28) 

t,iRes,^jNY,T,p)) = /[^j cl^tiNy) = Jy cLt(V) = - /^^(p) cLt(Vo, Vi), 

with Lk{p) C Vb n Vi the link of p in F with respect to a triangulation T, of X 
compatible with Sing{X) U F U {p}. As a note, T.^^ T, because p is not a vertex 
of T. 

So, we only have to explicitly compute the extendable Bott difference form 
Cgj.((Vo, Vi). To do this, observe that Cg^((Vo,Vi) is defined on the differen- 
tiable complex manifold V(o,i) = Vq n Vi. Consider the differentiable vector bundle 
E = Ny\v^„ X R ^ ^(0.1) ^ ^ s-i^d V be the linear connection for E defined by 
V = (1 — <r)Vo + <rVi, with ^ e M. Let 5* denote the integration along the fibres 
of the projection S : V(o,i) ^ [Oj 1] ~* ^(o.i)- Then, by its very definition, we have 

cLt(Vo,Vi) = s,(4/(^)). 

Let h and f) be as above. By the parametrization theorem (cp. [Gu| . Vol. II, 
Ch. D), we may find a holomorphic function y : W\ C defined on W\ such that 
[dh A dy)\Y' does not vanish on a neighborhood V oiY' \ {p\ that, without loss 
of generality, we can assume to contain V(o,i) . Then (/i, y) are local coordinates 
on X^^^ near p and y is a local coordinate on Y' near each point of Y' \ {p}. In 
particular, y is a local coordinate on V(o,i) C Vi \ {p}. Since Y is J^-invariant, 
using the coordinates (/i, y) and with slight abuses of notation, we can write the 
holomorphic vector field F € TX generating T on W\ as F = a{h, y)h^+b{h, y)^, 
with a and h holomorphic functions defined on Wi such that &(0, y) is not identically 
equal to zero. 

Let 9 be the connection form of V and the connection form of Vq- Since Vi is 
t) I -trivial, the connection form Oi with respect to [)|vi is zero. Then ^ = (1 — C)Oq 
and 

(5.29) cLt(Vo,Vi) = ^S,(dg) = ^;^0o 

Now, to compute 9q\yi\{p], look at the very definition of 6*0 and t (cp. (|5.25p ). In 
fact, since € r(V(o,i) , TXlv^^ ) is an extension of \)\via,r^ e r(V(o,i) , iVyly^^^^, ) 
on 1/(0,1), it results Oo{-§:^Mv^o,^) = (Vo)^(f)|y(o,i)) = ^(^lr'\{p}' ^W^o,!)) = 
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-Wf)l^(0.i)- Then 00 - -^dy. So, by §M and ^M, we get the fol- 
lowing formula for the residue 

(5.30) ^4Res,^JNY,J^,p)) ^ ^dy 
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